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them by r2  the rest part of the Ja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es additional dimension fa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Prefae
This thesis is a ompendium of our work on extension of basi Skyrme model to
arbitrary representations of SU(2) group, hoping that higher representations would
be helpful for more adequate desription of stati baryon properties [1, 2, 3℄ .
General ideas and historial remarks. The idea that the ordinary proton and
neutron might be solitons
2
in nonlinear model has a long history. The rst sug-
gestion was made by T.H.R. Skyrme about 40 years ago [5℄. The essential feature
of the theory is the representation of the fundamental eld quantities in terms of
angular variables rather than linear ones. Realisti three-dimensional model is pos-
sible only when there are also three angular variables. The ondition is satised by
the pion elds of nature. The periodiity of angular variables introdues a new on-
stant of motion, whih measures the number of times that spae (three dimensions)
is mapped by the elds onto the elementary volume of angular spae and whih
an be interpreted as a baryon number. The origin of the new onstant of motion
is related to topologial features of the Skyrme model. In ontrast, onservation of
energy and momentum follows from spae-time symmetry, as usually.
The mathematial onstrution outlined above is to ensure possibility of partile-
like states "of a kind that annot be reahed by perturbation theory and whih
annot neessarily be disounted by general arguments" [6℄. To provide readers a
link between fundamental theory of strong interations (QCD) and Skyrme model
we need to onsider briey the hiral symmetry onept and, therefore, the idea of
isospin.
The onept of isospin was introdued in 1933 by W. Heisenberg, who onsid-
ered proton and neutron as dierent projetions of single state
3
. From ontem-
porary point of view W. Heisenberg atually assumed SU(2) (avour) symmetry
of nulear interations. In 1962 M. Gell-Mann sueeded muh more in suggest-
ing very preditive SU(3) (avour) symmetry of strong interations (The Eightfold
Way) and the onept of isospin was extended to all baryons. The SU(3) symmetry
had enormous inuene in beoming of QCD: it was realized that eah basis ele-
ment, i.e. a produt of quark and anti-quark funtions, an be identied with some
hadron state. The entire basis, therefore, is interpreted as multiplet of hadrons,
belonging to irreduible representation of (avour) SU(3) group.
A revival of interest in the Skyrme model [5, 6℄, begins from the work [8℄ of
G.S. Adkins et al., who demonstrated that this model ould t observed properties
2
Soliton history begins in 1834, from D.S. Rassel's (18081882) "great solitary wave". There
have been, however, no more than twenty sienti works during the period 18451965, diretly
related to solitons [4℄.
3
W. Heisenberg even suggested to explain interation between proton and neutron by partile
exhange [7℄. The existene of pion, however, was predited by Yukawa theory in 1934. The
partile was disovered by G. Lattes, H. Muirhead, G. Ohialini and S.F. Powell in 1947.
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of the baryons to an auray of about 30%. This rebirth of attention was stimu-
lated by the belief that some suh model is the long-wavelength limit of QCD, as
reviewed, e.g., in Refs. [9, 10℄. The interplay between various phenomenologial
models and QCD is still open problem [11℄.
Extensions and modiations of basi Skyrme model. In the intervening
period, there has been a large number of works extending the range of applia-
tions, modifying and extending the model, and improving the way in whih onse-
quenes are drawn from it. This work also serves as an extension of basi Skyrme
model to arbitrary SU(2) representation. Among the further appliations, the most
prominent have been to pion-nuleon sattering [12, 13℄ and the two-nuleon prob-
lem [14, 15℄, and, very reently, to multi-soliton "hemistry" [16, 17, 18℄. The
basi Skyrme model has been extended in various diretions. Exluding the men-
tion of models that ontain the quarks expliitly, one enounters in the literature
models with higher-order terms involving the same elds [19, 20℄ or even higher
unitary groups [21℄, models in urved spae [22, 23℄ and models in whih vetor
mesons have been added [24, 25, 26℄, as well as extensions to inlude strange [27℄
and even harmed mesons [28℄. Related but more fundamental extension of the
basi Skyrme model is the inorporation of the Wess-Zumino term into this the-
ory. This term eliminates an extra disrete symmetry that is not a symmetry of
QCD [29℄ and, therefore, has far reahing onsequenes and, of ourse, no lak of
attention [30℄.
All these models are rst presented as lassial eld theories, sine one an
do muh physis using only seleted lassial solutions. The need to address the
problem of quantization is, however, manifested in the intrinsi properties of the
lassial solution.
The apability of extrating interesting physis from the Skyrme model is
grounded on the existene of a speial solution of the lassial eld theory, the hedge-
hog skyrmion. Like all interesting lassial (or mean eld) solutions it breaks some
of the symmetries of the underlying Lagrangian. The hedgehog skyrmion violates
translation, spatial rotation, and iso-spatial rotation symmetry. The restoration
of these symmetries requires, at the very least, the quantization of the generators
of the symmetry transformations and of the assoiated anonially onjugate ol-
letive oordinates. As a onsequene, maximum attention has been paid to this
aspet of the problem of quantization [31℄. In addition, to study pion-baryon sat-
tering [12, 32, 33℄, it is neessary to disuss quantization of the small osillations
of the pion eld [34℄ (for dierent approah see [35℄). There have also been some
disussion on quantization of radial osillations [36, 37, 38℄ in onnetion with
problems of stability. Other quantization methods applied to Skyrme model in-
lude uto quantization [39℄, (whih uses short-distane uto ǫ : F (ǫ) = π),
the general ovariant Hamiltonian method [40, 41, 42℄ (whih preserves the orig-
inal symmetry of lassial Lagrangian), Kerman-Klein quantization proedure [43℄
(based on formal quantization of entire lassial eld). Due to rih and beautiful
mathematial struture the model has numerous appliations.
Appliations of Skyrme model. Despite the original model has been introdued
to desribe strongly interating partiles, there are attempts to apply similar gauged
onstrution to desribe weak interations ("eletroweak skyrmions") [44℄ (p.250).
Apart from high energy physis the model proved to be useful in osmology [45℄
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and solid state physis
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[46, 47℄. Before brief review of the manusript organization
we expliitly state main tasks this thesis is intended to solve.
Main tasks:
1. Investigate representation dependene of the quantization proedure [48℄
applied to the SU(2) Skyrme model.
2. Numerially evaluate obtained expressions for physial quantities and om-
pare the results with experimental data.
Sienti novelty. This work demonstrates the new possibilities to extend basi
Skyrme model to arbitrary representations. Quantization of the Skyrme model (in
olletive oordinate approah from the outset) yields dierent quantum Lagrangian
density for eah SU(2) group representation j. The lassial limit of these quantum
Lagrangian densities is the same original Skyrme Lagrangian density. For the rst
time it has been shown that stable quantum solitons exist both for spin, isospin
ℓ = 12 and ℓ =
3
2 states. These quantum solitons possesses Yukawa asymptoti and,
therefore, imply non-vanishing pion mass. Noether urrents, magneti momenta
et., operators have been alulated and numerially evaluated in this approah for
self-onsistent quantum hiral angles in various representations j.
The generalization onsidered in the work has far-reahing onsequenes and,
we believe, an readily be extended to other models and theories.
Manusript organization. The manusript is organized into three hapters plus
appendies, ontaining numerous tables and illustrations. Chapters and setions
(if struture of the latter is ompliated enough) have short information about its
ontent and, therefore, not need to be repeated here. We nd useful, however,
briey to desribe what purposes eah hapter is intended to serve. Chapter I
ontains mathematial formulation and physial motivation of the Skyrme model
in bakground level. Apart from few presentation details it ontains no new re-
sults. We give formulation of lassial Skyrme model in group theory terms and
introdue mathematial apparatus whih is onvenient for model formulation in
arbitrary representation in Chapter II. This hapter inludes results of Ref. [49℄.
Chapter III ontains main new results and deals with the quantization of the
Skyrme model.
Despite the thesis has no lak of referenes when investigating onrete prob-
lems we found useful to provide a list of soures about the entire model. These are
books [44, 50℄ and review artiles [51, 52, 53℄. Literature on solitons urrently is
untraeable
5
, but we still mention few books, namely [4, 54, 55℄ to begin with.
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CHAPTER I
Introdution to the Skyrme model
This hapter is intended to provide very short but more or less onsistent
introdution to the Skyrme model. From this point of view it is essential to lear out
dierene between models realized linearly and nonlinearly. The simplest examples
are linear and nonlinear σ models. Skyrme model then arises naturally by adding
the fourth-order term in eld funtions to nonlinear σ model Lagrangian. This
term enables existene of stable soliton in three spatial dimensions (skyrmion) and,
therefore, is alled a stabilizing term.
1. Linear σ model in two spatial dimensions
We start with linear σ model. When physial boundary onditions are imposed,
all model solutions fall into disonneted lasses regardless of what equations of
motion are. It is this property whih is peuliar to nonlinear models only and play
an important role in the Skyrme model partiularly.
1.1. The Lagrangian. Let's take Φ to be a salar doublet of real elds
(Φ1,Φ2) and onsider the Lagrangian
L = −1
2
∂µΦr∂
µΦr − (|Φ|2 − a2)2; r = 1, 2; a2 > 0. (I.1.1)
Here we understand |Φ|2 = ΦrΦr and µ = 0, 1, 2 (0 denotes time omponent).
Assume that for x→∞ eld onguration tends to some onstant state1
Φ21 +Φ
2
2 → a2, for |x| → ∞ (I.1.2)
with approah rate, whih guarantees niteness of total system energy E. Then the
set Φ∞ = (Φ∞1,Φ∞2) of all elds at spatial innity make up a irle S1. Spatial
innity in argument plane also an be imaged as a irle S˜1, with innitely large
radius
x21 + x
2
2 = R
2, R→∞. (I.1.3)
Field Φ∞ maps a irle S˜1 to a irle S1, Φ∞ : S˜1 → S1. Identiation of
innities with a irle of innite radius does not involve any topology hange. The
hint is similar to oordinate system hange. We have here spaes  both argument
and funtion spae  at. Moreover, these spaes are vetor spaes as well. Con-
sider rst a vauum (or trivial) solution Φvac(x1, x2) ≡ (a, 0). At spatial innity
the eld (Φ∞)vac = lim
R→∞
Φvac maps all points of S˜
1
irle (argument innity) to
the same vauum point (a, 0) of funtion spae S1. Thus (Φ∞)vac is haraterized
by zero winding number: (Φ∞)vac ∈ Q∞0 . To (Φ∞)vac we an, therefore, assoiate
1
Only these states are interesting from physial point of view: energy at innity should be
zero.
1
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a b c
h (t)1 h (t)2
Figure I.1. Example of zero winding number maps.
all maps Φ(0)∞ whih are homotopi to (Φ∞)vac. The set of all maps Φ
(0)
∞ makes up
the trivial setor Q∞0 of system onguration spae Q
∞
(see Fig. I.1). Of ourse,
one an hoose any other vauum state simply redening Φvac(x) = (a/
√
2, a/
√
2)
or more generally Φvac(x1, x2) = (a cosχ, a sinχ), where χ is xed from [0, 2π]
(see Fig. I.1 c). All vauuma belong to trivial n = 0 setor and are homotopi to
Φvac = (a, 0). The homotopy an be dened as h2(t) = (a cos tχ, a sin tχ) t ∈ [0, 1]
(see Fig. I.1b,c). One ould think about gauge freedom orresponding to transforma-
tion from one vauum to another. With any vauum hoie model SO(2) symmetry
beomes spontaneously broken. Physial motivation omes from tunnelling possi-
bility: vauuma aren't separated by any potential barrier, therefore, in the ase of
suh vauuma interferene elds must rotate everywhere in spae. This involves
innite rotational energy [44℄ (p.107). Of ourse suh interferene also restores
SO(2) symmetry of the ground state and, therefore, should be forbidden.
1.2. Soliton setors and invariants of linear σ model. A eld Φ(1)∞ (θ) of
the setor Q∞1 an be dened as Φ
(1)
∞ (θ) = (a cos θ, a sin θ). When θ runs from 0 to
2π all points on S1 are overed one and only one. Φ1∞ is a typial winding number
one map (see Fig. I.2). The equivalene lass of maps homotopi to Φ(1)∞ forms the
winding number one setor Q∞1 . The winding number n map an be dened as
Φ(n)∞ (θ) = (a cosnθ, a sinnθ), where n is an integer, due to our requirement of
Φ single valuedness on S˜1 : Φ(n)∞ (0) = Φ
(n)
∞ (2π). Q
(∞)
n onsists of all Φ
(n)
∞
homotopi maps. We remind that Φ
(n)
∞ with any n (not only n = 0) satisfy (I.1.2).
From this piture it beomes lear that it is not possible to deform a eld Φ(n)∞
to a eld Φ(m)∞ ontinuously, if n 6= m. Indeed, for the ation we need to ut the
mapping urve and take o |n −m| twists. Thus the elds in setor Q(∞)n are not
homotopi to elds in Q
(∞)
m for n 6= m. As a onsequene, system onguration
spae Q∞ falls into an innite number of disonneted omponents Q∞n = {Φ(n)∞ },
Q∞ being a union ∪nQ∞n . The same is then true for the spae Q of elds dened
over all spae: Q = ∪nQn. Here Qn is the spae of all ongurations Φ(n) whose
limit as |x| → ∞ is an element Φ(n)∞ of Q(∞)n . For example, Φ(n) at given time t0
an be dened by
Φ(n)(x, t0) = f(|x|)Φ(n)∞
( x
|x|
)
, (I.1.4)
where f(|x|) is any smooth funtion, suh that f(∞) = 1, f(0) = 0.
The physial signiane of the integer n assoiated with the eld Φ(n)(x, t) is
that it is an integral of motion. The integer is just the label of homotopy lasses of
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Figure I.2. Example of winding number one map in linear σ model.
the elds at a xed time. Setors Qn (n 6= 0) are topologially stable in the sense
that a eld in Qn will not evolve in time to the vauum (an element of Q0) or to
a eld in any other setor Qm (m 6= n), sine evolution in time is a ontinuous
deformation.
The existene of inequivalent topologial setors leads to additional invariants
in the theory. These new invariants of quite dierent origin is the most interesting
and important point in suh models. As a onsequene, we have two kinds of
invariants:
• Invariants whih are losely related to the symmetry of the system, under si-
multaneous oordinate frame and elds hange (orresponding to this frame
transformations). We an nd all these invariants by Noether theorem.
Examples of the invariants are: energy, momentum, angular momentum,
eletromagneti harge.
2
• Invariants, involving boundary onditions in one or another way. Conser-
vation of the number of partiles in lassial mehanis (in onservative
systems) is an example.
Let us onentrate on the seond type of invariants. It has been shown that so-
lutions from one setor annot evolve in time to the solutions of any other setor.
Consequently, we need disrete quantity to label eah setor. The most natural
hoie seems to be the number of twists, desribing mapping of one irle onto an-
other. The number is alled a topologial harge. One ould introdue a onserved
topologial urrent density, orresponding to the harge
J topµ ∼ ǫµσρǫrs∂σΦr∂ρΦs µ, σ, ρ = 0, 1, 2; r, s = 1, 2. (I.1.5)
It is easy to hek that expression (I.1.5) has a divergene zero and meets our
requirements. We stress that the urrent density is onserved irrespetive of what
2
The Lagrangian (I.1.1) is symmetri under rotations of SO(2). The SO(2) is known to be iso-
morphi to U(1), therefore, the Lagrangian L = − 1
2
∂µΦ∂µΦ∗−(ΦΦ∗−a2)2; µ = 0, 1, 2; a2 >
0 an be hosen instead of (I.1.1). Conserved Noether urrents exist orresponding to ontinuous
symmetries (SO(2) or U(1)) of these Lagrangians. In the ase of one omplex eld the onserved
eletromagneti urrent has a simple form Jeµ ∼ i(Φ
∗∂µΦ − ∂µΦ∗Φ). These urrents have noth-
ing to do with the onserved topologial urrent (I.1.5). Also there is one interesting dierene
between two real and one omplex eld ase. Namely, there is no real vetor, whih is invariant
under SO(2) rotation, but there is a pair of omplex eigenvetors (1± i) with eigenvalues e±iφ in
omplex plane (group U(1)).
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the equations of motion are (beause of the antisymmetri properties of ǫµσρ) and
thus it is topologial. The orresponding harge density is
J top0 = divP, where Pk ∼ ǫklǫrsΦr∂lΦs; k, l = 1, 2. (I.1.6)
The harge Qtop ∼ ∫ J top0 d2x is nonzero only for elds Φ with non-vanishing as-
ymptoti
3
[56℄, whih is realized, for example, by the Higgs mehanism.
1.3. Derrik theorem. The existene of topologially stable setors and on-
servation of topologial urrent are independent on the Lagrangian form and, thus,
on equations of motion. The presene of suh setors, therefore, does not guarantee
that equations of motion atually have solutions in eah setor. It is known that
Lagrangian (I.1.1) does not lead to nontrivial stable stati solutions of equations of
motion if only the spatial dimension is D 6= 1. This an be shown by simple saling
argument of Derrik [44, 57℄. Suppose that Φcl is stati solution and the energy
of the solution onsists of terms E = E1 + E2:
E1 =
1
2
∫
dDx(∂i(Φcl)s)
2
and E2 =
∫
dDxU [((Φcl)s)
2] i = 1, 2, . . . , D.
(I.1.7)
Under a saling transformation Φcl(x, t)→ Φcl(λx, t) these terms sale as
E ≡ E(1)→ E(λ) = λ2−DE1 + λ−DE2. (I.1.8)
Requiring that λ = 1 orresponds to energy E minimum yields the ondition
dE(λ)
dλ
∣∣∣
λ=1
= 0 or (2−D)E1 = DE2. (I.1.9)
Sine E1, E2 ≥ 0, it follows that E1 = E2 = 0 when D > 2. This implies that Φcl
must be the vauum solution for D > 2. In the ase D = 2, we have E2 = 0, so that
((Φcl)1)
2 + ((Φcl)2)
2 = a2 for all x. This requires that Φcl (as |x| → ∞) has zero
winding number and hene is in Q
(∞)
0 . We an prove this result as follows. Let r, θ
denote polar oordinates in the plane. For any nonzero r, Φcl denes a map of the
irle (with oordinate θ) to a irle (beause of the ondition ((Φcl)1)
2+((Φcl)2)
2 =
a2). The winding number n of this map annot depend on r, as hanging r is a
ontinuous hange. When r → 0, all values of θ represent the same spatial point,
so that n→ 0. Hene n is identially zero whih proves the result.
2. Simplest nonlinear topologial model
The simplest model whih modies spae topology an be found in one-dimensio-
nal eld theory. Consider the set of all mappings α from the real line R1 (argument
spae) onto the irle S1 (funtion spae). S1 an be parametrized by two real
variables Φ = (Φ1,Φ2), whose squares add up to one: Φ
2
1+Φ
2
2 = 1. Note that fun-
tion spae is not at (irle S1). To prevent the esape of interesting strutures at
innity we onsider only the lass of funtions on S1, suh that Φ(∞) = Φ(−∞).
The restrition of funtions lass allows us to identify argument spae (line R1)
with a irle. In other words it makes possible ompatiation of R1 to a irle4.
3
We have in mind ongurations with (Φ1∞)
2 + (Φ2∞)
2 = a2. Indeed, using Gauss the-
orem from (I.1.6) and (I.1.5) we obtain
∫
Jtop0 d
2x ∼
∫
divPd2x ∼
∫
R→∞
(P · dℓ) ∼ 0, if
lim|x|→∞Φ
r(x1, x2, t) = 0.
4
One point ompatiation theorem [58℄ (p.86). Two-dimensional analog of the ompati-
ation is known as a stereographi projetion.
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Figure I.3. Example of one-dimensional model map in a simple
nonlinear model.
A eld Φ(1) from n = 1 setor may be illustrated pitorially by a strip familiar with
Möbius strip, exept that the Möbius strip has a twist through π whereas the setor
n = 1 eld has a twist through 2π. Φ(1)(x) then speies twist angle of the strip
about its enter line at a given point x. Note quite dierent meaning we give to
the external irle in this (see Fig. I.3) and linear ase (Fig. I.2b). Sine by lassial
eld we mean a eld that is single-valued under the ation of the rotation group,
it follows that partiles involved must be bosons. Quantization of suh a lassial
eld introdues a quantity that an be interpreted as a partile number. It is known
that after quantization the states, orresponding to n = 1 lassial onguration,
are, in fat, fermion states. Dynamis and quantum mehanial operators an be
introdued
5
into this theory [5, 59℄.
To summarize, the simple nonlinear model elds are subjet to nonlinear on-
straint, when linear σ model elds are not. This explains the need to redue one
argument spae dimension in order to have the same global symmetry group for
both models. In other words, funtion spae of the rst model is a at spae (vetor
spae as well), when funtion spae of the seond one is a ompat manifold (not a
vetor spae at all).
3. Nonlinear σ model in two spatial dimensions
In this setion we formulate nonlinear σ model in fundamental SU(2) repre-
sentation using well known Pauli and rotation matries tehnique. The Skyrme
model then is obtained by adding forth order term in eld funtions whih ensures
stable soliton solution in 3D. As a onsequene, Skyrme model inherits all essential
features from nonlinear σ model.
3.1. Formulation. It was suient to look at Q∞ (the spae of physial elds
at spatial innity) for the topologial onsideration in the linear σ model. For
solitons in nonlinear models it is often neessary to onsider the topology of physial
elds dened over all spae. Physial elds in these models for all points x take
values in a manifoldM whih generally is not a vetor spae.
5
Lagrangian of the toy model: L = ∂µΦs∂µΦs; µ = 0, 1; s = 1, 2, where Φ, in addition,
is subjet to the onstraint Φ21 +Φ
2
2 = 1.
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By denition groupG ats on manifoldM transitively, if for any pair p, p′ ∈M
there exists an element g ∈ G, suh that Tg(p) = p′. Assume, this is the ase. Then
M is alled a homogeneous spae for G. If gp is the stability group of point p ∈M:
gp = {h ∈ G|hp = p}, (I.3.1)
and M is a homogeneous spae for G then any two gp, gp′ p, p
′ ∈ M are iso-
morphi. If p 6= p′ and Tg(p) = p′ the isomorphism gp → gp′ an be dened6:
h 7→ ghg−1. Now we an identifyM with spae of left osets G/g by the following
proedure. First let's x point p0 ∈ M. With eah lass of left osets {gg} we
identify point Tg(p0), where g = gp0 is a stability group of point p0 ∈ M. The
identiation is in one-to-one orrespondene and do not depend on partiular g in
the lass of left osets.
The nonlinear σ model in two spatial dimensions has G =SU(2), g =U(1)
≡ {eiαJz , 0 ≤ α ≤ 2π} andM=G/g is a two sphere S2. To show this, dene
K ≡ gJzg† = na′Ja′ , a′ = (x, y, z) ≡ (1, 2, 3), (I.3.2)
where g ∈ SU(2) and Ja′ are generators of SU(2).
K is an invariant under transformation7 π : g → geiαJz . A map π projets
geiαJz ∈ G for all α to the same point of left osets {gg}. Sine α is a ontin-
uous parameter, {gg} denes a two dimensional manifold, namely a two sphere
SU(2)/U(1) = S2. Indeed, the salar produt of na′ is 1,
TrK2 = na′na′ ≡ (na′)2 = 1. (I.3.3)
Fields Φa′(x1, x2, t) of nonlinear 2-dimensional σ model are subjets to the on-
straint: Φa′(x, t)Φa′(x, t) = 1 and thus an be identied with na′ . The ation of G
on these elds yields
Φ′a′ = Ra′b′(g)Φb′ , (I.3.4)
where Ra′b′ is the usual rotation matrix  an element of adjoint representation of
SU(2): R ∈ SO(3). Note that the onstraint is invariant under this ation of G.
The Lagrangian density is hosen so that it is invariant under G.
L = −β
2
∂µΦa′∂
µΦa′ , β = const, µ = 0, 1, 2. (I.3.5)
Beause of the onstraint on Φa′ , the Lagrangian (I.3.5) does not desribe a free
system. Interations of the eld with itself are impliit. To see this, one an write
L in terms of two independent degrees of freedom, say Φ1 ≡ Φx and Φ2 ≡ Φy
L = −β
2
(
2− ΦkΦk
1− ΦkΦk
)
(∂µΦk)
2, Φ3 6= 0, k is summed over 1 and 2. (I.3.6)
Note that the ation of G is nonlinear in terms of two degrees of freedom.
6
It is assumed that group G ats on M from the left. Homogeneous spaes play an im-
portant role in ensuring uniqueness of solution of equations of motion. There is no homogeneous
spae problem in 3-dimensional σ (Skyrme) model, beause in this ase there exists one-to-one
orrespondene between funtion spae and SU(2) manifold, whih, of ourse, is natural homoge-
neous spae for the same group. The problem again arises in SU(3) Skyrme model, when SU(2)
ansatz is employed.
7
And only under these transformations, beause [Jz, Jx[y]] 6= 0.
3. NONLINEAR σ MODEL IN TWO SPATIAL DIMENSIONS 7
Figure I.4. Example of mappings: S˜2 sphere → S2 sphere.
The energy density assoiated with (I.3.5) is
E (x, t) =
β
2
(
(∂0Φa′)
2 + (∂iΦa′)
2
)
; i = 1, 2. (I.3.7)
3.2. Topologial struture. The vauum solution (whih is subjet to the
onstraint onΦ) isΦvac = const. E is invariant under global SU(2) transformations.
Thus Φvac an be redued to (0, 0, 1) by ation of SU(2) without aeting the
energy (E ≡ 0 for Φvac). After the hoie only rotations about the third axis
leave the vauum invariant, onsequently, the global SU(2) is spontaneously broken
to a global U(1), by speial vauum hoie. Next, onsider general onguration
with nonzero, but nite energy. Let us rst show that homotopi setor generation
mehanism desribed in linear σ model in Se. 1 now fails. Indeed, for large |x| ≡ R
the elds Φ dene a mapping from irle S1 with radius R to S2. Sine π1(S
2) = 0
this mapping is homotopi
8
to Φvac at |x| = R. Despite the fail there is a way out.
Indeed, niteness of energy requires Φ(x, t) to approah Φvac as r → ∞ and that
the rate of approah is fast enough to guarantee that the energy E is nite. Again
we hoose Φvac = (0, 0, 1). Assume that Φ approahes Φvac and there is no angle
dependent limit at r = ∞. Thus, we may think of all points at spatial innity as
being a single point. Suh a restrition of funtion lass Φ essentially onverts (in
topologial but not metrial sense) the plane R2 ≡ {(x1, x2)} at a onstant time t0
to the surfae of a two sphere S˜2. The elds Φ = (Φ1,Φ2,Φ3) are well dened on
this S˜2 in view of boundary onditions. Consider this in detail. Let ξa, a = 1, 2, 3
8
Even if the fundamental group of the manifoldM is nontrivial: π1(M) 6= 0, the elds at
R would have to be homotopi to the vauum solution Φvac. This is so sine Φ denes a trivial
mapping at r = 0, and the topologial index annot hange as r is ontinuously varied from r = 0
to R. (Constraint Φ2 = 1 here is fullled at eah point. In linear σ model, in ontrast, we had
this ondition satised at innity only.)
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b a
Figure I.5. Examples of mappings: ylinder → ylinder and
ylinder → Möbius strip.
be the stereographi oordinates assoiated with x
ξa(x) =
2xa
r2 + 1
, a = 1, 2; ξ3(x) =
r2 − 1
r2 + 1
ξ21(x) + ξ
2
2(x) + ξ
2
3(x) = 1, r
2 = xaxa. (I.3.8)
Coordinates ξ span a two-sphere S˜2. They are not global valid oordinates for R2
whih unlike S2 is not a ompat manifold. Indeed, all the "points of innity" of
R2 whih orrespond to r → ∞ are mapped to one point of S2, namely (0, 0, 1).
In reality the "points of innity" are not points at R2 at all. Thus, to get a
topologially aurate representation of R2 we should remove the north pole (0, 0, 1)
from S˜2 : R2 = S˜2\{(0, 0, 1)}.
The topologial dierene between R2 and S2 an make dierene for some
funtions. For example, the funtion f(x) = |x| is a ontinuous funtion on R2,
but the funtion obtained by the substitution xa = ξa/(1− ξ3) is not a ontinuous
funtion on S˜2, beoming innite at north pole ξ3 = 1. Another example is the
funtion x¯ = x/|x| whih is ontinuous on R2, while its image funtion on S˜2 has
no well dened limit as the north pole is approahed. However, for funtions whih
approah a onstant limit as r →∞, the hange of variable x→ ξ does produe a
well dened funtion on S˜2. In this sense then, beause of the boundary ondition
on Φ, we an imagine that the spae on whih the eld Φ is dened is S˜2.
Thus, the onguration spae Q of the nonlinear σ model is made up of elds
whih map S˜2 to M = S2 Φ : S˜2 → S2 (see Fig. I.4). The situation, thus, is
analogous (despite quite dierent origin of the map) to the maps Φ∞ in linear σ
model, where we had S˜1 → S1. It is then plausible to expet that for nonlinear
σ model the onguration spae Q falls into an innite number of disonneted
omponents Qn, with Q = ∪nQn. This result is true. Here n is generalization of
the previous winding number assoiated with Φ∞ and is also alled the winding
number. It indiates the number of times the sphere S2 is overed by sphere S˜2 as
ξ runs over all values. Stritly speaking, one annot transfer this very illustrative
denition from the one-dimensional ase (number of times one irle is overed by
another irle) to higher dimensions (number of times one Sk sphere is overed by
another Sk sphere). Mathematially irreproahable denition of mapping degree9 n
9
The illustrative denition of the winding number is indeed orret for the one-dimensional
ase. The reason is that urve does not have internal struture. In general it is not true for higher
dimensional manifolds. For example mappings ylinder → ylinder and Möbius strip → ylinder
in Fig. I.5 obviously are not homotopi, but illustrative winding number denition does not allow
us to learly distinguish both ases.
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on m ≥ 2 dimensional manifold is based on very general triangulation onept [60℄.
Despite the ritiism, it is known that for mappings S˜k → Sk, k = 1, 2, . . . the k-
th homotopy group is πk(S
k) = Z, whih in some sense justies the illustrative idea
of the winding number. After the generalization one again, equivalene lasses Qn
an be made into a group under a suitable produt. This group is alled the seond
homotopy group and is denoted by π2(M). Here M = S
2
. Like π1(S
1), π2(S
2)
is isomorphi to the group Z of the all integers under addition.
The equivalene lass Q0 ontains the vauum solution Φ
(0) ≡ Φvac = (0, 0, 1).
Q0 onsists of all maps whih are homotopi to Φvac. An element Φ
(1)
of Q1 is ob-
tained by simply setting Φ
(1)
a′ (ξ, t) = ξa′ , here t being xed and ξ being oordinates
dened in (I.3.8). A typial element Φ(n) of Q(n) is
Φ
(n)
1 (x, t) = sinϑ cosnϕ, ξ1(x) = sinϑ cosϕ, 0 ≤ ϑ ≤ π, (I.3.9a)
Φ
(n)
2 (x, t) = sinϑ sinnϕ, ξ2(x) = sinϑ sinϕ, 0 ≤ ϕ ≤ 2π (I.3.9b)
Φ
(n)
3 (x, t) = cosϑ ξ3(x) = cosϑ . (I.3.9)
Here ϑ, ϕ are spherial oordinates for the argument two-sphere S˜2. Qn onsist of
all maps homotopi to the Φ(n).
Again, the signiane of the above lassiation (sine time evolution is a
ontinuous operation), is that the integer n is an integral of motion. It is useful
to have an expliit formula for this onserved quantum number. For this purpose
onsider the urrent
jµ(x, t) = − 1
8π
ǫa′b′c′ ǫ
µνλΦa′∂νΦb′∂λΦc′ , (I.3.10)
where ǫµνλ is the totally antisymmetri tensor. This urrent is onserved regardless
of the equations of motion. Taking its divergene we obtain
∂µj
µ(x, t) = − 1
8π
ǫa′b′c′ ǫ
µνλ∂µΦa′ ∂νΦb′ ∂λΦc′ . (I.3.11)
The right hand side of (I.3.11) ontains the triple salar produt of the three tan-
gent vetors ∂0Φ, ∂1Φ and ∂2Φ dened at (x, t). When multiplied by d
2xdt, it
represents an innitesimal volume element at (x, t). But beause of the onstraint
on Φ, the tangent vetors at (x, t) are enfored to lie in a plane. Consequently, the
volume element and the right hand side vanishes ∂µj
µ = 0 and from (I.3.11) we
have
dj0
dt
= 0. It follows that the assoiated harge10
B(Φ) = − 1
8π
∫
d2xǫa′b′c′ ǫijΦa′∂iΦb′∂jΦc′ , (I.3.12)
is a onstant of motion. Its value is the onserved quantum number; it has the
value n when Φ = Φ(n) ∈ Qn. The fator − 18π is hosen so that B(Φ) is, in fat,
an integer. To see that B(Φ) = n, write Φ in terms of spherial oordinates (I.3.9).
Then
B(Φ) =
n
4π
∫
sinϑ(x)dϕ(x)dϑ(x). (I.3.13)
10
Note that the harge density now is not a pure divergene j0 6= divP (as it was in linear
model) and has only integer values when properly normalized.
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Sine
1
4π sinϑdϕ ∧ dϑ is the normalized volume element11 on two sphere, B(Φ)
indiates the number of times the sphere S2 is overed as x runs over all values
and is, therefore, an integer. Derrik saling argument rules out (see Se. 1.3)
the possibility of having nontrivial stati solution to a linear salar eld in two (or
greater) spae dimensions. However, for the nonlinear σ model with the Lagrangian
(I.3.5), Derrik's argument an only be used to rule out the existene of stati
solutions in all but two spae dimensions. This is beause the stati energy ontains
only one term whih we denote by Eσ. Under x→ λx, it sales like Eσ → λ2−DEσ.
The minimum value of the energy for this variation is zero in all exept D = 2
dimensions.
A lower bound on the energy (the "Bogomol'nyi bound") [54, 55℄ for the
lassial solutions an be obtained from the identity
(∂iΦa′ ± ǫa′b′c′ǫijΦb′∂jΦc′)2 ≥ 0. (I.3.14)
After ompleting the square, we an write
2
β
Es =
∫
d2x(∂iΦa′)
2 ≥ 8π|n|. (I.3.15)
Here the β is the same as in (I.3.5). The bound is saturated if
∂iΦa′ = ∓ǫa′b′c′ ǫijΦb′∂jΦc′ . (I.3.16)
Here identities
ǫa′b′c′ ǫa′b′′c′′ = δb′b′′ δc′c′′ − δb′c′′ δc′b′′ and ǫij ǫij′ = δjj′ (I.3.17)
have been used.
A general solution to equation (I.3.16) was obtained by A.A. Belavin and
A.M. Polyakov [61℄. Here we shall only look for a spherially symmetri n = 1
solution. Spherial symmetry in two spatial dimensions means ǫijxi∂jΦa′ = 0.
This ondition is onsistent with the onstraint on Φ. However, it has the unde-
sired result that all elds satisfying it have B(Φ) = 0. This is beause the general
solution to ǫijxi∂jΦa′ = 0 is
Φa′(x, t) = Φ˜a′(r, t), so that ∂iΦa′ = x¯i
∂Φ˜a′
∂r
, x¯i =
xi
r
. (I.3.18)
Upon substituting this into (I.3.12) we immediately obtain the result B(Φ) = 0. Af-
ter some symmetry requirement modiation it is possible to obtain ongurations
with B(Φ) 6= 0. We refer for details to [44℄ (p.119-121).
3.3. Going to 3D spae. The hange of spae dimension is a highly non-
trivial ation. The existene of many objets and phenomena whih are allowed in
some dimensions are forbidden in another's. For example, two-dimensional rea-
tures should have dierent digestive trat and blood irulation system, otherwise
eating or blood irulation would divide them in two separate halves [62℄(p.164).
There also would be problems with more than three spae dimensions, in partiular
with gravitational fore. As a onsequene, orbits of planets would be unstable.
Here are theories more or less suessfully desribing phenomena when higher di-
mensions are introdued (string theories). The problem usually then beomes how
to redue these nonobservable dimensions. Our aim now is to onstrut realisti 3D
nonlinear theory, with essential features inherited from two-dimensional σ model.
11
The symbol ∧ is an exterior multipliation mark.
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What do we need in order to extend σ model to real 3D spae? First, we note
that the ompatiation method used in nonlinear σ model an be easily extended
to the 3D ase. Indeed, ompatiation R3 at xed time t0 to S˜
3
leads to the
mapping S˜3 → S2 with trivial homotopy group π3(S2) = 0. Therefore in order to
get nontrivial topologial lasses we should add one more eld, satisfying
Φ21(x, t) + Φ
2
2(x, t) + Φ
2
3(x, t) + Φ
2
4(x, t) = 1; x ≡ (x1, x2, x3). (I.3.19)
Then again we have π3(S
3) = Z. Additional eld omponent ensures that eld
Φ has values in the whole SU(2) manifold. Thus group manifold beomes natural
homogeneous spae for the group itself and no identiation of M with spae of
osets is needed. The additional eld, however, does not eliminate the soliton
stability problem. The simplest way to eliminate Derrik saling argument (whih
exludes stati stable nontrivial solution) in lassial level of the theory
12
is to add
a new term in the Lagrangian density whih would stabilize the energy (I.1.8).
Skyrme sueeded in suggesting the following fourth-order term (ensuring stable
soliton solution) to be added to Lagrangian density (I.3.5):
LSk =
1
32e2
Tr
[
Rµ,Rν
][
Rµ,Rν
]
=
1
16e2
Tr
[
R0,Ri
][
R0,Ri
]
+
1
32e2
Tr
[
Ri,Rj
][
Ri,Rj
]
, (I.3.20)
where
Rµ = (∂µU)U
†; U(x, t) ∈ SU(2).
The ontribution to stati soliton energy omming from the Skyrme term sales as
ESk(1)→ ESk(λ) = λ4−DESk, (I.3.21)
under a saling transformation U(x) → U(λx). Requiring again that λ = 1 orre-
sponds to energy minimum yields the equation
Eσ = ESk, (I.3.22)
in D = 3 spae dimensions. Assuming that soliton energy is proportional to its size
R and taking into aount dimensions of fπ[MeV℄ and e[dimensionless℄ we onlude
that the leading term (Eσ) is proportional to ∼ c1f2πR, whereas the Skyrme term
to ∼ c2e2R (c1, c2 are positive onstants). Thus, adjusting soliton size R equation
(I.3.22) an always be satised
13
, for nonzero soliton size R.
We an also add terms involving more than four derivatives (for example, L6
and L ′6 terms in Se. II.1.5). There is no good argument to suggest that these
terms are ignorable. For example, the so-alled large Nc limit of QCD [69, 70℄ fails
to show that higher derivative terms are down by powers of Nc as ompared to the
leading terms. Despite these ritiisms, we will approximate the ation density by
Lσ + LSk.
When the Skyrme term is also inluded in the Lagrangian density, there is
an elegant lower bound to the energy of soliton. The bound is analogue of the
12
There exist stable solutions with only σ term when oupling to vetor mesons is in-
luded [63℄. There is disussion on the market, however, whether sale parameter or breath-
ing mode quantization an stabilize the solution without the Skyrme term. For arguments
see [64, 65, 66℄, for ontra-arguments we refer to [31, 67, 68℄.
13
Moreover, (I.3.22) is satised for only one positive R value due to the seond-order algebrai
equation c1f2pie
2R2 − c2 = 0, desribing the energy extremum ondition.
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Bogomol'nyi bound we onsidered earlier although it predates the latter by many
years. It is based on the observation that∫
d3xTr
(fπ
2
Ri +
1
8e
ǫijk
[
Rj ,Rk
])2 ≤ 0. (I.3.23)
To show this result, notie that Ri and ǫijk
[
Rj ,Rk
]
are antihermitian matries
and that for any antihermitean matrix G TrG2 ≤ 0. From this we arrive at the
bound
−
∫
d3xTr
(f2π
4
R2i +
1
32e2
[
Ri,Rj
]2) ≥ 6π2fπ
e
|B(U)|, (I.3.24)
due to Skyrme. Here |B(U)| denotes a winding number, expliit expression of
whih is given in the next hapter (see (II.1.18)). The left hand side of (I.3.24) is
the potential energy of eld U(x). The bound thus shows that in the presene of
the Skyrme term, the soliton energy and mass are bounded from below. Although
there is no nontrivial solution whih saturates the bound (I.3.24), stati solutions
to eld equations are known to exist for |B| = 1. In Se. 2 of Chapter II we shall
disuss the "spherially symmetri" stati B = 1 solution, whih by ∼ 23% [22℄
exeeds the bound
14
.
4. QCD and the Skyrme model
Links between fundamental theory (QCD) and phenomenologial theories of
strong interations (inluding the Skyrme model) are briey onsidered here.
4.1. Historial remarks. T.H.R. Skyrme proposed his model in 1961 [71℄.
For almost two deades the theory has been ignored and only in early 80-ies it
has been realised that the model, as eetive theory of mesons, may provide a link
between QCD and the familiar piture of baryons interating via meson exhange.
Low energy domain of QCD beomes forbiddingly diult due to the rising ou-
pling onstant whih possess a major obstale to a satisfatory desription of the
dynamial behaviour of the elementary quark and gluon elds of QCD at the rele-
vant large distanes. R. Rajaraman's [54℄ and E. Witten's [69℄ results suggest that
baryons may be regarded as soliton solutions of the eetive meson theory without
any referene to their quark ontent. This was preisely what Skyrme had sug-
gested in his remarkable papers [5, 6, 71, 72℄. There are a lot of works analyzing
one or another aspet of this extremely important and interesting problem. For
overview we refer to Ref. [10℄ and referenes therein. Here we onsider only gen-
eral phenomenologial requirements for eetive theory of strong interations and
very briey desribe the 1/Nc expansion idea. Unfortunately, we ompletely esape
hiral perturbation theory reently making a huge progress. This theory, however,
expliitly involves baryon elds (when desribing proesses involving baryons) and
is outside the Skyrme's idea that baryons are solitons of meson elds.
14
We shall see in Chapter III that the negative quantum mass orretion (III.2.55) an lower
quantum Skyrmion mass. The question, however, an be asked, whether quantum Bogomol'nyi
bound similar to (I.3.24) an be dened when dynamial variables don't ommute.
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4.2. General requirements for eetive theory of strong interations.
The starting point is an idealized world where N
avours
= 2 or 3 of the quarks are
massless (u, d and possibly s). In hiral limit the QCD Lagrangian exhibits a global
symmetry
SU(Nf )L × SU(Nf )R︸ ︷︷ ︸
hiral group G
×U(1)V ×U(1)A. (I.4.1)
At the eetive hadroni level the quark number symmetry U(1)V is realized as
baryon number. The axial U(1)A is not a symmetry at the quantum level due to
the Abelian anomaly [73, 74℄ that leads, for instane, to Mη′ 6= 0 even in the hiral
limit.
There is ompelling evidene both from phenomenology and from theory that
the hiral group G is spontaneously broken [75℄:
• Absene of parity doublets in the hadron spetrum.
• The N2f − 1 pseudosalar mesons are by far the lightest hadrons.
• The vetor and axial-vetor spetral funtions are quite dierent.
• In vetor-like gauge theories like QCD (with the vauum angle θ
QCD
), vetor
symmetries like the diagonal subgroup of G, SU(Nf )V , remain unbroken.
All these arguments together suggest very strongly that the hiral symmetry G is
spontaneously broken to the vetor subgroup SU(Nf )V (isospin for Nf = 2, avour
SU(3) for Nf = 3)
G→ H = SU(Nf )V . (I.4.2)
Then the Goldstone theorem tells us that there exist N2f − 1 massless mesons.
For two avours, these Goldstone modes are identied with the three pions, while
for three avours, these modes are identied with the pseudosalar otet. In hiral
limit (when quarks have zero masses), the pseudosalar mesons are exatly massless.
They beome massive when the interations between the quark and Higgs elds are
turned on, the quarks aquire mass and G gets expliitly broken in the Lagrangian.
The eetive Lagrangian emerges when we attempt to onstrut a model whih
desribes the dynamis of these Goldstone modes. Let us list the properties we
require for this Lagrangian in the zero quark mass limit [51℄:
1. The Lagrangian L must be invariant under G = SU(Nf )L × SU(Nf )R, this
property being the analogue of the G-invariane of the QCD Lagrangian.
Thus L is to be onstruted from a multiomponent eld Φ whih is trans-
formed by G, L being invariant under these transformations.
2. Field Φ should have exatly N2f −1 degrees of freedom per spae-time point.
This is a requirement of minimality: we want to desribe the dynamis of
the Goldstone modes and only of these modes. It is possible to improve
eetive theory by introduing vetor or/and axial vetor mesons [24℄, or
even massive non-Abelian gauge bosons [76℄.
3. We require that the subgroup of G whih leaves any value of the eld invari-
ant is exatly (or isomorphi to) subgroup H and no more. If this an be
arranged, then we would have niely built in spontaneous symmetry break-
down G→ H in the geometry of the elds itself.
It is an easy task to hek that the Skyrme model satises all these require-
ments [44℄.
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Figure I.6. Gluon orretion to quark propagator in standard (a)
and 't Hooft-Witten (b) notations.
Chiral perturbation theory (CHPT) is also based on similar hiral symmetry
priniples. Generally, many more hiral invariant terms an be inluded into the
Lagrangian. The Skyrme model, basially, takes only two of them L2 and L4.
CHPT, on the other hand, provides us with a sheme whih tells us whih terms
should be inluded and whih ones should not. Roughly speaking, the essential idea
of hiral perturbation theory is to realize that at low energies the dynamis should
be ontrolled by the lightest partiles, the pions, and the symmetries of QCD.
Therefore, S-matrix elements, i.e. sattering amplitudes, should be expandable
in Taylor-series of the pion momenta and masses
15
, whih is also onsistent with
hiral symmetry. This sheme is valid until one enounters a resonane, suh as
the ρ-meson, whih orresponds to a singularity of the S-matrix. It should be
stressed, however, that hiral perturbation theory is not a perturbation theory in
the usual sense, i.e. it is not a perturbation theory in the QCD oupling onstant.
In this respet, it is atually a nonpertubative method, sine it takes innitely
many orders of the QCD oupling onstant in order to generate a pion. In the
meson setor CHPT is quite suessful, whereas the preision ahieved in heavy
baryon CHPT is not omparable to the meson setor auray. For explanation we
refer to letures [75℄.
4.3. The 1/Nc expansion. Assuming onnement, the asymptoti states of
QCD are not the oloured quarks and gluons, but rather the observed olour singlet
hadrons. In view of this, one might wonder whether in some way QCD itself ould
not be equivalently formulated in terms of these observed asymptoti degrees of
freedom. Quite remarkably, the work of G. 't Hooft [70℄ and E. Witten [69℄ shows
that QCD is indeed equivalent  in the full eld theory sense  to a theory of
mesons and glueballs
16
, with meson-meson oupling onstant ∼ 1/√Nc. From the
rst sight, there seems to be one very large gap in the equivalene
onned QCD ≡ theory of mesons and glueballs,
namely, where are the baryons? It is here that the real interest of the 1/Nc idea
lies. E. Witten showed [69℄ that for large Nc baryon masses sale like Nc. This is
reminisent of the behaviour of solitons in a theory in whih the oupling onstant
is g: the soliton mass is ∼ 1/g2, so that putting g ∼ 1/√Nc we nd mass ∼ Nc.
But this interpretation is exatly what Skyrme suggested.
15
In the baryon setor one has an additional parameter  the nuleon mass.
16
There exist at least few eetive eld theories in four dimensions, as the number N of elds
of some type beomes large [77℄.
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Figure I.7. Gluon loop in standard (a) and 't Hooft-Witten (b) notations.
Let us now briey explain why meson-meson oupling onstant should sale like
∼ 1/Nc. To this end let us reformulate QCD for an arbitrary number of olours Nc.
In suh a theory there are Nc quark degrees of freedom and N
2
c − 1 ≈ N2c gluoni
degrees of freedom (for large Nc). Consider then the simple gluoni orretion to
the quark propagator depited in Fig. I.6a.
Even after we speify the olour index of the external quark, this diagram
reeives a ombinatorial fator of Nc orresponding to the Nc possible values for
the index of the internal quark. This is easy to see in 't Hooft-Witten notations
Fig. I.6b, where gluon in ombinatorial sense (and only in this sense) is equivalent
to quark-antiquark pair. The resulting loop orresponds to the summation over all
possible quark index values and is responsible for the ombinatorial fator Nc.
If we want the theory to have a smooth  but nontrivial  limit asNc →∞ we
must ompensate this ombinatorial fator. Thus we require that the q¯qg vertex
sale like ∼ 1/√Nc. The same result is obtained for the trilinear meson-meson
(gluon-gluon) oupling onstant as an be seen from diagrams Fig. I.7a and Fig. I.7b.
G. 't Hooft noted that not all diagrams are of the same signiane when
Nc → ∞. Simple power ounting, similar to those just desribed, implies [70℄
that in this limit only planar diagrams beome important. Analysis of all planar
diagrams [70℄, whih is out of the sope of this work, together with onnement
assumption of large Nc QCD leads to the following onlusions:
• Mesons are stable and to leading order non-interating partiles. Their
number is nite.
• Amplitudes of elasti meson-meson sattering are of the order of ∼ 1/Nc
and are expressed as sum only of tree level diagrams
17
.
• Baryon-meson sattering an also be analysed in similar fashion [12, 13,
78, 79, 80℄.
In other words, QCD seems to redue smoothly to an eetive theory of mesons
(and glueballs) with the eetive oupling onstant of the order of ∼ 1/Nc.
17
Tree level diagrams in this ase desribe only meson (but not gluon or quark) exhange.
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CHAPTER II
Classial Skyrme model
The hapter deals with lassial Skyrme model. Classial model assumes that
dynamial model variables and its time derivatives ommute. The model is usually
formulated in rotationRij and Pauli τ matrix formalism, illustrated in 2D nonlinear
σ model. WignerDj matries and su(2) algebra generators J represented in irular
basis are, nevertheless, more onvenient for model formulation in arbitrary reduible
representation and, therefore, will be followed in this and subsequent hapters.
1. Formulation
The setion serves as a formulation of the lassial SU(2) Skyrme model in
arbitrary irreduible representation. An emphasis is put on expression dependene
on representation. Physial quantities (mass, oupling onstants, et.) are inde-
pendent of the representation after the proper model parameter renormalization is
employed.
1.1. Parametrization of the symmetry group. Chiral group is a group of
transformations in the internal (isotopi) spae, under ation of whih left and right
states transform independently. Simple nonabelian (six-parameter) hiral group
is obtained by multiplying two rotation groups diretly SU(2)Left ⊗ SU(2)Right .
There is no linear realization of the group in 3D isospae. One an hoose either to
extend the isospae to 4D, where the linear representation exists or to onstrut the
nonlinear representation. The natural nonlinear representation (whih we follow
further in the work) is obtained when the group parameters spae (manifold) is
identied with the spae where the abstrat group transformations are realized.
For example, SU(2) matrix in well-known Euler-Rodrigues parametrization a0,a
takes a form
1
[81℄
U(a0,a) =
(
a0 + ia3 ia1 + a2
ia1 − a2 a0 − ia3
)
= a0 · 1+ ia · τ , (II.1.1)
where the group parameters spae
2 a0,a itself is restrited by the onstraint
a20 + a
2 = 1; a0,a ∈ R. (II.1.2)
The presene of onstraint (II.1.2) gives rise to additional problems in quanti-
zation of the theory. From our point of view unonstrained parameters are more
suitable for this purpose, but see [43℄. Suh an unonstrained parameters are, for
example, triple of Euler angles α ≡ (α1, α2, α3) [82℄
0 ≤ α1 < 2π, 0 ≤ α2 ≤ π, 0 ≤ α3 < 4π. (II.1.3)
1
T.H.R. Skyrme [71℄ formulated his model in terms of σ and pion π-elds U = (σ+ iτ ·π).
2
Sometimes the set a0,a is alled a 4-isovetor. The reader should be aware that beause of
the onstraint (II.1.2) the set isn't a vetor spae.
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An arbitrary reduible SU(2) matrix in the Euler angles parametrization an be
expressed as a diret sum of Wigner Dj(α), (j = 12 , 1,
3
2 , . . . ) funtions.
1.2. The Lagrangian. For reasons of simpliity and without lose of general-
ity
3
let us formulate the model in the arbitrary irreduible SU(2) representation j.
Euler angles α(r, t) beome the funtions of spae-time point (r, t) and form the
dynamial variables of the theory. Model is formulated in terms of unitary eld
U(r, t) = Dj
(
α(r, t)
)
, (II.1.4)
all physial quantities being funtions of this eld U. In the quark piture the
analogue of U ij is the omplex 2×2matrix q¯i 1−γ52 qj , orresponding to pseudosalar
mesons [53℄. Note that this analogue is only valid in the fundamental representation
of SU(2). Unitary eld an also be expressed in terms of pion elds pi and unphysial
σ eld
U(x) =
1
fπ
(
σ + iτ · pi). (II.1.5)
The basi Skyrme model is desribed by hirally symmetri Lagrangian density
4
L = −f
2
π
4
Tr{RµRµ}+ 1
32e2
Tr{[Rµ,Rν ][Rµ,Rν ]}, (II.1.6)
where the "right" urrent
5 Rµ, known for mathematiians as Maurer-Cartan form,
is dened as
Rµ = (∂µU)U
†, (II.1.7)
fπ (pion deay onstant) and e being parameters
6
of the theory. Let us explore the
Lagrangian (II.1.6) algebrai struture more losely. To this end it is onvenient to
introdue a ontravariant irular oordinate system. The unit vetor x¯ in these
(ontravariant) irular oordinates is dened in respet to Cartesian, spherial and
irular ovariant oordinate systems as
x+1=− 1√
2
(x1 − ix2) =− 1√
2
sinϑe−iϕ =− x−1, (II.1.8a)
x0 =x3 =cosϑ =x0, (II.1.8b)
x−1=
1√
2
(x1 + ix2) =
1√
2
sinϑeiϕ =− x+1, (II.1.8)
respetively. Then the general inner (salar) produt of two algebra elements an
be dened as
Tr〈j·|JaJb|j·〉 = (−1)a 1
6
j(j + 1)(2j + 1)δa,−b, (II.1.9)
3
Formulation of the model in arbitrary reduible representation simply involves summation
over representation j and is explained in Se. 2.4.
4
We onsider hiral transformations in detail in Se. 2 and Se. 3 of Chapter III.
5
The theory as well an be formulated in terms of "left" urrent Lµ = U†(∂µU). Reent
politial tendeny rendered "right" urrent more popular, what we believe dened our hoie.
6
Note, however, that the parameter fpi value annot be determined within the framework
of strong interations only, beause pions are by far the lightest strongly interating partiles
and, thus, are stable in this theory. Experimental value of fpi is 93 MeV. It is laimed [76℄
that parameter e value an be extrated from the ππ sattering data using formulas given in
Ref. [83℄. The result is e = 7.4. The Skyrme onstant e also has been roughly estimated by
assuming that the Skyrme term arises by "integrating out" the eets of a ρ(770) meson; this
yields e = mρ/(2fpi) = 5.83 [84℄.
1. FORMULATION 19
where the su(2) generators J satisfy the ommutation relation
[Ja, Jb] =
[
1 1 1
a b c
]
Jc; c = a+ b. (II.1.10)
The fator on the r.h.s. in (II.1.10) is the Clebsh-Gordan oeient (1a 1b|1c) in
a more transparent notation. Wigner Dj funtion parametrization in the form
〈j·|Dj(α)|j·〉 = 〈j·| exp(i√2α1J0) exp(−α2(J+ + J−)) exp(i√2α3J0)|j·〉,
(II.1.11)
makes it easy to obtain the following relations:
∂
∂αi
Djmn(α) = C
(a)
i (α) 〈jm|Ja|jm′〉Djm′n(α), (II.1.12a)
∂
∂αi
Djmn(−α) = −C(a)i (α)Djmn′(−α) 〈jn′ |Ja| jn〉 , (II.1.12b)
∂
∂αi
Djmn(α) = C
′(a)
i (α)D
j
mm′(α) 〈jm′ |Ja| jn〉 , (II.1.12)
∂
∂αi
Djmn(−α) = −C′(a)i (α) 〈jm |Ja| jn′〉Djn′n(−α), (II.1.12d)
where the oeients
C
(a)
i (α) = D
1
a,a′(α)C
′(a′)
i (α) α ≡ (α1, α2, α3), (II.1.13a)
C
′(a)
i (α) = D
1
a,a′(−α)C(a
′)
i (α) −α ≡ (−α3,−α2,−α1), (II.1.13b)
have the expliit form [49℄
C
(+)
1 (α)=0 C
(+)
2 (α)=− e−iα
1
C
(+)
3 (α)=− i sinα2 e−iα
1
, (II.1.14a)
C
(0)
1 (α) =i
√
2 C
(0)
2 (α) =0 C
(0)
3 (α) =i
√
2 cosα2, (II.1.14b)
C
(−)
1 (α)=0 C
(−)
2 (α)=− eiα
1
C
(−)
3 (α)=i sinα
2 eiα
1
, (II.1.14)
and satisfy orthogonality relations
∑
m
C
(m)
i (α)C
j
(m)(α)=
∑
m
C
′(m)
i (α)C
′j
(m)(α)=δi,j , (II.1.15a)∑
i
C
(m)
i (α)C
i
(n)(α) =
∑
i
C
′(m)
i (α)C
′i
(n)(α) =δm,n. (II.1.15b)
Using formulas (II.1.12) the right urrent Rµ an be redued to the form
(Rµ)mm′ = ∂µα
iC
(a)
i (α) 〈jm|Ja|jm′〉, (II.1.16)
and learly have values in su(2) algebra. Relations (II.1.9), (II.1.10) together with
formula (II.1.16) allow us to express the Lagrangian density (II.1.6) in terms of the
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Euler angles [49℄
L =
1
3
j(j + 1)(2j + 1)
(
f2π
4
(
∂µα
i∂µαi + 2 cosα2 ∂µα
1 ∂µα3
)
− 1
16e2
(
∂µα
2∂µα2(∂να
1∂να1 + ∂να
3∂να3)− (∂µα1∂µα2)2
− (∂µα2∂µα3)2 + sin2α2(∂µα1∂µα1 ∂να3∂να3 − (∂µα1∂µα3)2)
+ 2 cosα2(∂µα
2∂µα2 ∂να
1∂να3 − ∂µα1∂µα2∂να2∂να3)
))
.
(II.1.17)
The only dependene on the dimension of the representation is in the overall fator
j(j + 1)(2j + 1) as it ould be expeted from (II.1.9). This implies that the equa-
tion of motion for the dynamial variable α is independent of the dimension of the
representation.
Note. We introdue additional normalization fator 1/N in the denition of quan-
tum Skyrme Lagrangian in Chapter III. The motivation omes from onsiderations
below.
1.3. The topologial urrent. The following onstrution of "right" ur-
rents is alled topologial urrent density (f. (I.1.5) and (I.3.10)):
B
µ =
1
3 · 8Nπ2 ǫ
µνβγ Tr{RνRβRγ}. (II.1.18)
The integral assoiated with (II.1.18) is a onserved quantity. The normalization
fator N depends on the dimension of the representation and has the value 1 in
the fundamental (j = 12 ) representation. The baryon number
7 B is obtained as the
spatial integral of the time omponent B0. In terms of Euler angles α the baryon
urrent density takes the form
B
µ = − 1
3 · 6 · 8Nπ2 j(j + 1)(2j + 1) sinα
2 ǫµνβγ ǫikl ∂να
i∂βα
k∂γα
l. (II.1.19)
As the dimensionality of the representation appears in this expression in the same
overall fator as in the Lagrangian density (II.1.17) it follows that all alulated
dynamial observables will be independent of the dimension of the representation
at the lassial level. The same overall fator in (II.1.19) as in (II.1.17) and (II.1.9)
also indiates that the topologial (or baryon) urrent density Bµ an be expressed
in terms of salar produt of algebra elements. This is indeed the ase [56℄
B
µ ∼ ǫµνρσ Tr{[Rν ,Rρ]Rσ}. (II.1.20)
The forms (II.1.18), (II.1.20) make no dierene for baryon number B in the quan-
tum ase. This an be seen both from (II.1.18) and (II.1.20) as time derivatives
R0 are not involved in the expressions. A more symmetri form (II.1.18) is usually
used.
7
Topologial index (due to its onservation) is identied with baryon number in the Skyrme
model. The following expressions are used as synonyms in the physial literature: topologial
index, Chern-Pontryagin index, winding number, soliton number, partile number, baryon number.
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Figure II.1. Hedgehog onguration. Arrows indiate the dire-
tions of the isovetor eld F (r) at dierent points in oordinate
spae.
1.4. The hedgehog ansatz. The general solution of equations of motion,
whih follows from variation of the Lagrangian (II.1.17), is not found. Skyrme
suggested the stati soliton solution in the fundamental representation of SU(2)
U0 = e
i(τ ·r¯)F (r). (II.1.21)
Here τ is isovetor of Pauli-isospin matries and r¯ denotes unit spatial vetor. The
objet desribed by (II.1.21) has a very peuliar geometri struture (see Fig. II.1):
at eah point x in 3D spae the assoiated isovetor F (r) points in a radial di-
retion with respet to the spatial origin x = 0, where the entre of the objet is
loated. This radial struture has prompted the handy name of "hedgehog" for
the onguration (II.1.21). In order to nd its generalizations for representations
of higher dimension one may ompare it to the matrix elements D
1/2
mn(α), and thus
obtain the expliit expressions for the Euler angles α in terms of the hiral angle
F (r). The result8 is [49℄
α1 = ϕ− arctan(cosϑ tanF (r)) − π/2, (II.1.22a)
α2 = −2 arcsin(sinϑ sinF (r)), (II.1.22b)
α3 = −ϕ− arctan(cosϑ tanF (r)) + π/2. (II.1.22)
Here the angles ϕ, ϑ are the polar angles that dene the diretion of the unit vetor
r¯ in spherial oordinates.
Substitution of the expressions (II.1.22) into the general expression (II.1.4) for
the unitary eld U then gives the hedgehog eld in a representation with arbitrary
8
When ϕ, ϑ, F (r) in (II.1.22) run over values 0 ≤ ϕ < 2π, 0 ≤ ϑ ≤ π, 0 ≤ F (r) < π, the
range of α1, α2, α3 is −π ≤ α1 < 2π, −π ≤ α2 ≤ 0, −2π ≤ α3 < π and thus diers from
(II.1.3) range. This, however, an be xed by dividing the parameters area in a proper way and
moving eah part by some fration of π.
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j. As an example, the hedgehog eld in the representation j = 12 has the form
[49, 82℄
U
1
2
c =
(
G i sinF sinϑe−iϕ
i sinF sinϑeiϕ G∗
)
, (II.1.23)
where we have used abbreviation G = cosF + i sinF cosϑ. For j = 1 the same
substitution yields
U1c =

 G2 i
√
2 sinF sinϑe−iϕG −(sinF sinϑe−iϕ)2
i
√
2 sinF sinϑeiϕG 1− 2 sin2 F sin2 ϑ i√2 sinF sinϑe−iϕG∗
−(sinF sinϑeiϕ)2 i√2 sinF sinϑeiϕG∗ G∗2

 .
(II.1.24)
The Lagrangian density (II.1.17) redues to the following simple form, when
the hedgehog ansatz (II.1.22) is employed:
L = −4
3
j(j + 1)(2j + 1)
(
f2π
4
(
F ′2 +
2
r2
sin2F
)
+
1
4e2
sin2F
r2
(
2F ′2 +
sin2F
r2
))
. (II.1.25)
For j = 12 this redues to the result of Ref. [8℄. The orresponding mass density is
obtained by reverting the sign of L , as the hedgehog ansatz is a stati solution.
The requirement that the soliton mass be stationary yields the following equa-
tion for the hiral angle F (r) [8℄:
f2π
(
F ′′ +
2
r
F ′ − sin 2F
r2
)
− 1
e2
( 1
r4
sin2F sin 2F
− 1
r2
(F ′2 sin 2F + 2F ′′ sin2F )
)
= 0. (II.1.26)
It is independent of the dimension of the representation. Note that the dierential
equation is nonsingular only if F (0) = nπ, n ∈ Z.
For the hedgehog form the baryon density redues to the expression
B
0 = − 1
3Nπ2
j(j + 1)(2j + 1)
sin2 F
r2
F ′. (II.1.27)
The orresponding baryon number is
B =
∫
d3rB0 =
2
3Nπ
j(j + 1)(2j + 1)
(
F (0)− 1
2
sin 2F (0)
)
. (II.1.28)
Combining the requirement that F (0) to be an integer multiple of π with the
requirement that the lowest nonvanishing baryon number to be 1 gives the general
expression for the normalization fator N as
N =
2
3
j(j + 1)(2j + 1). (II.1.29)
The equation of motion for hiral angle in the form (II.1.26) depends on param-
eter fπ and e values. It is onvenient to introdue a dimensionless variable r˜ = efπr
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Figure II.2. Classial hiral angle solution, as taken from Ref. [8℄
(e = 5.45, Fπ = 129 MeV, r˜ = eFπr).
in whih (II.1.26) takes the form
F ′′(r˜)
(
1 +
2 sin2F (r˜)
r˜2
)
+ F ′2(r˜)
sin 2F (r˜)
r˜2
+
2
r˜
F ′(r˜)
− sin 2F (r˜)
r˜2
− sin 2F (r˜) sin
2F (r˜)
r˜4
= 0. (II.1.30)
Numerial investigation [6℄ of (II.1.30) leads to lassial hiral angle solution F (r˜)
shown in Fig. II.2, when boundary onditions F (0) = π, F (∞) = 0 ensuring
baryon number 1 are imposed.
1.5. Higher order terms. There exists an innite lass of alternate stabiliz-
ing terms for the Lagrangian density (II.1.6), ombinations of whih an be used
in plae of Skyrme's quarti stabilizing term or be added to it [20℄. An alternate
term of quarti order (whih for j = 1/2 yields the same result as the Skyrme term)
is [27℄
L
′
4 =
1
16e′2
(
Tr{RµRν}Tr{RµRν} − (Tr{RµRµ})2
)
. (II.1.31)
When this term is expressed in terms of the Euler angles (II.1.3), the resulting
Lagrangian density has the form (II.1.17), with the exeption that the stabilizing
term that is proportional to e−2 has an additional fator 23j(j + 1)(2j + 1) [49℄.
Hene invariane of the physial preditions requires that the parameter 1/e′2 of the
stabilizing term (II.1.31) be taken to be proportional to
(
j(j + 1)(2j + 1)
)−2
, and
the parameter fπ of the quadrati term to be proportional to
(
j(j +1)(2j +1)
)−1
,
when a representation of dimension 2j + 1 is employed. Thus, L ′4 has dierent
representation dependene from a similar term in (II.1.6).
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Consider then the sixth order stabilizing term [19, 20℄
L6 = e6Tr{[Rµ,Rν ][Rν ,Rλ][Rλ,Rµ]}. (II.1.32)
In terms of the Euler angles α this Lagrangian density takes the form [49℄
L6 = −e6 j(j + 1)(2j + 1)
6
ǫi1i2i5 ǫi3i4i6 sin
2α2
× ∂µαi1 ∂ναi2 ∂ναi3∂λαi4 ∂λαi5 ∂µαi6 . (II.1.33)
This result reveals that the dependene on the dimension of the representation of
this term is ontained in the same overall fator j(j + 1)(2j + 1) as in the Skyrme
model Lagrangian (II.1.17). Hene addition of the term L6 maintains the simple
overall dimension dependent fator of the original Skyrme model.
As in the ase of the quarti term one an onstrut an alternative sixth order
term, whih is equivalent to (II.1.32) in the ase of the fundamental representation,
but whih diers in its dependene on j
L
′
6 = e
′
6 ǫ
µν1ν2ν3 ǫµη1η2η3 Tr{Rν1Rν2Rν3Rη1Rη2Rη3}. (II.1.34)
In terms of the Euler angles α this term also redues to the expression (II.1.33),
with the exeption of an additional fator j(j+1)(2j+1)e′6/e6. Its dependene on
j is thus dierent from (II.1.32), although by adjusting the values of the parameters
e6 and e
′
6 dierently in eah representation equivalent dynamial preditions in the
lassial
9
model an be maintained. Obviously we annot express (II.1.31) and
(II.1.34) as inner produt of group generators, whereas for (II.1.33) this should be
possible.
2. The Lagrangian symmetries
We start from onstrution of hirally invariant terms of the lowest order, whih
satisfy additional physial requirements. Maximal symmetry requirement together
with B = 1 ondition diretly lead to Skyrme hedgehog solution in fundamental
representation. This solution then is generalised to any SU(2) representation.
2.1. Chiral symmetry breaking. It is ommonly aepted that hiral sym-
metry is the symmetry of QCD (theory of strong interations) in the zero quark
mass limit. There is only one seond order hirally invariant term
L(2) ∼
∫
Tr{RµRµ}d3x, (II.2.1)
whereas there are three
10
linearly independent invariants of the order four [50℄
L(4) ∼ aTr{RµRµRνRν}+ bTr{RµRνRµRν}+ cTr{∂µRν∂µRν}, (II.2.2)
a, b, c being some onstants. All three of them are Lorenz invariants so there are no
reasons to prefer any one of them. But if we want to ensure positive energy density
and (as a onsequene) to avoid pathology in system dynamis we should take are
9
This is not the ase in quantum Skyrme model.
10
Here we analyze only terms where all urrents Rµ enter under single trae symbol. Gen-
erally terms (II.2.2) and the term
∫
Tr{RµRµ}Tr{RνRν}d3x ontribute to the same order in
hiral perturbation theory [85℄.
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that time omponents of "right" urrents entered the Lagrangian only in quadrati
form. The requirement is satised by the only ombination of the order four
11
L(4) = Tr{RµRµRνRν} − Tr{RµRνRµRν} = −
1
2
Tr{[Rµ,Rν][Rµ,Rν]},
(II.2.3)
whih is exatly the term suggested by T.H.R. Skyrme. The Lagrangian (II.1.6) is
invariant under global (point independent) hiral group SU(2)Left ⊗ SU(2)Right of
transformations of unitary eld U
U′(x) = VU(x)W−1; V ∈ SU(2)L; W ∈ SU(2)R. (II.2.4)
The group SU(2)L⊗SU(2)R, however, is not a symmetry group of lassial vauum
state (the highest symmetry eld from Q0 setor whih takes on the onstant value
1)
U(∞, t) = Uvac(x, t) ≡ 1, unless V =W. (II.2.5)
As a onsequene, maximal global invariant subgroup of onguration spae of the
model is
diag
(
SU(2)L ⊗ SU(2)R
) ≈ SU(2)Isotopic , (II.2.6)
where the standard notation diag(G1 ⊗G2) denotes the subgroup of G1 ⊗G2 with
parameters of G1 and G2 being identied.
2.2. Hedgehog ansatz as a lowest energy solution. In the baryon number
zero setor the eld whih takes on the onstant value 1 is the eld of the highest
symmetry. It is fully Poinaré invariant and provides a lassial desription of the
vauum state.
We expet that the ground state for B = 1 would be desribed by a ongura-
tion U with the maximal possible symmetry. When the winding number B is not
zero, the eld U annot possess translational invariane. A translational invariant
eld is a onstant and orresponds to B = 0. When B 6= 0, U annot be rota-
tionally invariant either. This is beause a spherially symmetri unitary eld U
depends only on the radial distane r
U†∂iU = x¯iU†
∂U
∂r
, (II.2.7)
where x¯ is a unit vetor in Cartesian oordinate system. Then
B(U) ∼ ǫijk Tr{
(
U†∂iU
)(
U†∂jU
)(
U†∂kU
)} = 0. (II.2.8)
To obtain one with B 6= 0 let us blend isotopi rotations SU(2)I with spae rota-
tions
12 SO(3) to form a group diag
(
SU(2)I ⊗ SO(3)
)
. The unitary eld U trans-
forms under diag
(
SU(2)I ⊗ SO(3)
)
as follows [86℄:
Ug(x) = T (g)U(g
−1x) = U(x); g ∈ diag(SU(2)I ⊗ SO(3)). (II.2.9)
Substituting expressions for the expliit rotation generators in the fundamental
representation of SU(2)I yields dierential equation
−i(x×∇)
i
U(x) +
[τ i
2
,U(x)
]
= 0. (II.2.10)
11L4 and L
′
4 (II.1.31) oinide up to the overall onstant fator in the fundamental repre-
sentation of SU(2) group. In SU(3) ase these terms are dierent.
12
SO(3) is homomorphi to SU(2). We keep notation SO(3) for spatial rotations (for a while)
to make the separation more lear.
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The solution
13
of (II.2.10) is
U(x) = Uc(x) ≡ cosF (r) · 1+ iτ · x sinF (r). (II.2.11)
Pitorially it is illustrated in Fig. II.1, where arrow length | sinF (r)| (for funtion
F (r) itself see Fig. II.2) goes to zero as r→∞ and r → 0. The solution of (II.2.10)
is exatly the Skyrme's hedgehog ansatz (II.1.21). Generalization to the arbitrary
representation is straightforward. Instead of (II.2.10) we have
i
(
x×∇)
i
U(x) +
√
2
[
Ji,U(x)
]
= 0, (II.2.12)
where irular omponents (II.1.8) are used both for the vetor and isovetor. The
solution of (II.2.12) is a generalized hedgehog ansatz
Uc(x) = exp
(−i√2 Jax¯a F (r)). (II.2.13)
Sometimes the hedgehog ansatz (II.2.11), (II.2.13) is referred to as "spherially
symmetri" solutions. These solutions are "spherially symmetri" only in the
sense that a oordinate rotation is equivalent to an isospin rotation of the onstant
matrix A
Uc(x) = A exp
(−i√2Jax¯a F (r))A†, A ∈ SU(2). (II.2.14)
To summarize, the highest symmetry solution for B 6= 0 setor leads to ertain
mixing of indies assoiated with internal and geometri invariane (whih are  a
priori  ompletely unrelated). Similar examples are given by the monopole and
instanton ongurations whih our in SU(2) gauge theories.
"One may wonder whether suh a blend of internal and geometri symmetries
may exist at a more fundamental level as a general feature of eld theory and not
simply in spei eld ongurations of partiular models. This feature would be
very attrative for the onstrution of a unied theory of all fundamental intera-
tions inluding gravity. That this is not possible is expressed by the so alled no-go
theorems, in partiular the theorem of Coleman and Mandula, whih essentially
says the following: the most general invariane group of a relativisti quantum eld
theory is a diret produt of the Poinaré group and an internal symmetry group,
i.e. there is no mixture of these symmetry transformations.
However, these no-go theorems do not laim that suh a mixture annot ex-
ist if the set of all symmetry transformations represents a more general algebrai
struture than a Lie group. Indeed, a famous result known as the theorem of Haag,
Lopuszànski and Sohnius [87℄ states that the most general super Lie group of loal
eld theory is the N-extended super Poinaré group in whih there is a non-trivial
mixing of geometri transformations and internal SU(N) transformations. As a
matter of fat, this result an also be viewed as a good argument in favour of the
existene of supersymmetry as an invariane of nature sine it states that super-
symmetry is the natural (only possible) symmetry if one allows for super Lie groups
as symmetry strutures" [88℄.
The existene of nontrivial mixing for ertain ongurations in the Skyrme
model as well as in supersymmetri models may serve as a strong argument for
further investigations of the model whih is muh more simple to deal with than
those of supersymmetri theories.
13
The method of solution of equation (II.2.10) is desribed, for example, in Ref. [50℄.
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2.3. Higher setors solutions. It is proved [50℄ (see, however, [89℄) that
"spherially symmetri" hedgehog ansatz leads to the absolute energy minimum
only when B = 1. For B = 2 value of baryon number it is hoped [50℄ that axial
symmetri states
F = F (r, ϑ); Θ = Θ(r, ϑ); Φ = mϕ; m ∈ N, (II.2.15)
realise energy minimum ongurations. The statement was veried numerially [90,
91℄. The value is EB=2/EB=1 = 1.92 for the ratio of energies for axial symmetri
solution of setor B = 2 and spherially symmetri hedgehog ansatz with B = 1.
Energy/baryon densities for B = 2 onguration possess a toroidal symmetry (see
Fig. C.1 in Appendix C). Stable ansatz for U minimizing energy and with baryon
numbersB ≥ 2 have been numerially found by various groups [17, 23, 92℄. Energy
densities for these stati ongurations have been plotted and a remarkable fat has
been disovered that they are invariant under disrete subgroups GR of the spatial
rotation group SO(3). Some of them are shown [23℄ in Appendix C. The group GR
is the symmetry group of energy density. It is not neessarily the invariane group
of the stati U eld. Published work [92℄ does not report on the symmetry group
of the latter.
Congurations with B > 1 are important in nulear physis [17℄ sine proton
and nulei ould be related to quantized states of these soliton-like elds. Several
reent studies support this point of view [16℄ and suggest that the strutures of
heavier nulei ould resemble those of fullerene moleules, at least at the lassial
level.
2.4. Reduible representations. Generalization of the model to arbitrary
reduible representation is a bit straightforward. One needs only to sum over all
irreduible representations involving expliit dependene on representation. Thus,
substitution for (II.1.4) is
U(r, t) =
∑
k
⊕Djk (α(r, t)) . (II.2.16)
The general salar produt (II.1.9) then modies to
Tr〈j·|JaJb|j·〉 = (−1)a 1
6
∑
k
jk(jk + 1)(2jk + 1)δa,−b, (II.2.17)
and the normalization fator (II.1.29) takes a form
N =
2
3
∑
k
jk(jk + 1)(2jk + 1). (II.2.18)
Other formulas do not involve hanges.
28 II. CLASSICAL SKYRME MODEL
CHAPTER III
Quantum Skyrme model
This hapter ontains main results. After brief remarks on quantization prob-
lems in urved spae we skip to olletive oordinate approah and onsider the
Skyrme Lagrangian quantum mehanially ab initio. Assuming nonommutativity
of dynamial variables we alulate expressions of Noether urrents, magneti mo-
menta, axial oupling onstant, et. and numerially evaluate physial quantities
using the lassial hiral angle solution in various SU(2) representations. These
numerial results then are used as starting input for self-onsistent quantum hiral
angle determination proedure. Numerial results of quantum hiral angle alula-
tions are presented in Appendies A and B.
1. Quantization in urved spae
The purpose of the setion is to remind readers the Dira method of onstrained
quantization as well as problems of traditional quantization in urved spae. The
justiation of the atual quantization method is onsidered without going into de-
tails in the last subsetion. The setion, thus, provides the ontext for quantization
proedure followed further but ontains no new material.
1.1. General remarks. Questions may be raised onerning the justiation
for quantizing the Skyrme Lagrangian at all, sine it is not a fundamental eld
theory, but rather a lassial model that results from taking the limit of suh a
theory, inluding only some degrees of freedom of the original theory. Nevertheless,
there is a rih experiene from the nonrelativisti many-body problems, for example,
from nulear physis [93℄, suggesting the validity of suh an approah for the study
of olletive properties at low energies.
The seond remark onerns general quantization strategy. At the University
level the onstrution of quantum theory passes three steps, namely Lagrangian
(lassial) → Hamiltonian (lassial) → Hamiltonian (quantum) ≡ Quan-
tum theory. The quantization in olletive oordinate approah [48℄, whih we
will follow in the work, slightly modies this sequene. It starts from the quantum
Lagrangian from the outset. By quantum Lagrangian we mean that dynamial
oordinates qi and its time derivatives (veloities) q˙i do not ommute. The expliit
ommutation relations at the moment are unknown. These relations are extrated
from the standard ommutation relations [qi, pj ] after we pass to quantum Hamil-
tonian (and dene anonial momenta pj). It an be shown that this modied
formalism [94, 95, 96℄ leads to onsistent quantum desription, whih we will
follow in subsequent setions.
The results of modied and usual quantization sequenes generally will dif-
fer. Nonommuting quantum variables will generate additional terms while passing
from quantum Lagrangian to quantum Hamiltonian. These terms are lost when we
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impose anonial ommutation relations after Hamiltonian is obtained. The prob-
lem is similar to well known operator ordering problem. Further in the work we will
refer to "anonial quantization method" when we start from quantum Lagrangian
in the very beginning and to "semilassial quantization method" when anonial
ommutation relations are imposed after Hamiltonian is alulated. It should be
noted, however, that these two hoies do not use up all possibilities. In Ref. [31℄,
for example, the following possibilities are disussed:
L
Skyrme
(Φ, Φ˙) =⇒ L
hedg.
(F, F˙ ,A, A˙) =⇒ L
oll.
(q, q˙)
⇓ ase I ⇓ ase II ⇓ ase III
Hˆ
Skyrme
(Φ, π) =⇒ Hˆ
hedg.
(F,ΠF ,A,ΠA) =⇒ Hˆoll.(q, p˙)
. (III.1.1)
In ase I, the Hamiltonian gets by quantizing diretly the Lagrangian in the Skyrme
model from the beginning. After this quantization one an introdue the hedgehog
ansatz and the olletive oordinates. As another method (ase II) we an do
the quantization of the lassial Lagrangian, whih is obtained by introduing the
hedgehog ansatz and after this we introdue the olletive oordinates. Case III
starts by getting the lassial Lagrangian with the olletive oordinates, using the
hedgehog ansatz and getting the quantum Hamiltonian. The ase II is free of the
ordering problem among the operators. However, in both ases I and III, there
are the ordering problems among the operators, and then quantum Hamiltonian
annot been determined uniquely. In summary, the problem is in whih steps we
do the quantization. Following [48℄ we utilize the following detailed quantization
sequene:
1. Introdue quantum olletive oordinates A
(
q(t)
)
(III.2.1). They are quan-
tum in the sense that time dierentiation of A requires the Weyl ordering
(see Se. 1.4).
2. Make the Lagrangian quantum. Quantum dynamial variables are q(t).
3. Following the method desribed in [48, 94, 95, 96, 97, 98, 99℄ pass to
quantum Hamiltonian.
4. Introdue the hedgehog ansatz
1
, and solve integro-dierential equation for
quantum hiral angle.
Another important point is symmetry properties of lassial Lagrangian and
quantum Hamiltonian derived from it. There exist quantization methods (for ex-
ample, general ovariant Hamiltonian method [42℄) preserving original lassial La-
grangian symmetries. The symmetri (Weyl) ordering of operators q and p (used
in the work), however, annot avoid a risk that the quantum Hamiltonian has hiral
symmetry breaking term [31℄. The feature thus an be used to provide (or explain)
the origin of nite pion mass.
The subsetions below are intended to shed a bit light on the justiation of
the quantization method we will follow.
1
Atually we introdue hedgehog ansatz before passing to expliit Hamiltonian. This is done
only for reasons of simpliity of intermediate expressions and annot aet the quantization itself.
The only requirement of the quantization sequene in hand is that we do assume existene of
solitoni solution [48℄.
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1.2. Towards quantum theory. There where attempts [100℄ to quantize
lassial equations of motion in the form
m
d2xi
dt2
= f i, (III.1.2)
without resort to a Lagrangian (or Hamiltonian). The idea is to start with lassial
equations (III.1.2) and give ommutation relations for the operators X i and X˙j[
X i, Xj
]
= 0 (III.1.3a)[
X i, X˙j
]
= i~δi,j. (III.1.3b)
The result was that the existene of Lagrangian for (III.1.2) essentially omes from
(III.1.3a). Thus Feynman's hope to quantize without a Lagrangian (or Hamil-
tonian) was doomed when he set the very reasonable ondition that oordinates
ommute [101℄. Let us briey review traditional quantization methods following
Ref. [102℄.
1.3. Traditional quantization methods. We will mention four of them here
in the order of historial evolution.
Heisenberg quantization is based on the following postulates (for the rst pos-
tulate see below):
2. Introdue matries Q = {Qmn} and P = {Pmn}, here m,n ∈ {1, 2, 3, . . .},
that satisfy [Q,P]mn ≡
∑
p
(QmpPpn − PmpQpn) = i~δm,n.
3. Build a Hamiltonian matrix H = {Hmn} as a funtion (e.g., polynomial) of
the matries, Hmn = H(P,Q)mn, that is the same funtion as the lassial
Hamiltonian H(p, q). (In so doing there may be operator ordering ambigui-
ties whih this presription annot resolve; hoose an ordering that leads to
a Hermitian operator.)
4. Introdue the equation of motion i~X˙mn = [X,H]mn for the elements of a
general matrix X = {Xmn}.
Along with these postulates omes the impliit task of solving the above equations of
motion subjet to suitable operator-valued boundary onditions. After the prinipal
paper on quantization [103℄, it subsequently beame lear to W. Heisenberg that
it is neessary to make this promotion from c-number to q-number variables only
in Cartesian oordinates. Thus here is impliitly another postulate [104℄:
1. Express the lassial kinematial variables p and q in Cartesian oordinates
prior to promoting them to matries {Pmn} and {Qmn}, respetively.
Shrödinger quantization assumes the following postulates [105℄:
1. Express the lassial kinematial variables p and q in Cartesian oordinates.
2. Promote the lassial momentum p to the dierential operator −i~(∂/∂q)
and the lassial oordinate q to the multipliation operator qˆ, a hoie that
evidently satises the ommutation relation [qˆ,−i~(∂/∂q)] = i~.
3. Dene the Hamiltonian operator Hˆ as the lassial Hamiltonian with the
momentum variable p replaed by the operator −i~(∂/∂q) and the oor-
dinate variable q replaed by the operator qˆ. (In so doing there may be
operator ordering ambiguities whih this presription annot resolve; hoose
an ordering that leads to a Hermitian operator.)
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4. For ψ(q) a omplex, square integrable funtion of q, introdue the dynamial
equation i~ψ˙ = Hˆψ.
Impliit with these postulates is the instrution to solve the Shrödinger equation
for a dense set of initial onditions and a large lass of Hamiltonian operators. It is
interesting to note that E. Shrödinger himself soon beame aware of the fat that
his proedure generally works only in Cartesian oordinates.
Dira quantization
2
reipe deals with onstrained dynamial systems. Constrains
appear in the Hamilton formulation of all gauge theories we know of. Dira-
Bergmann onstraint theory puts all these onstraints into rst or seond lasses.
All seond lass onstraints Sa an be eliminated from the theory, whereas Dira
presription for the implementation of rst lass onstraints Fa in quantum theory
is that they be imposed as onditions on the physially allowed states |·〉:
Fˆa|·〉 = 0. (III.1.4)
Here Fˆa is the quantum operator orresponding to the lassial funtion Fa.
Feynman quantization fouses on the solution to the Shrödinger equation and
postulates that the propagator, an integral kernel that maps the wave funtion
(generally in the Shrödinger representation) at one time to the wave funtion at
a later time, may be given by means of a path integral expression [106℄. On the
surfae, it would seem that the (phase spae) path integral, using only onepts from
lassial mehanis, ould get around the need for Cartesian oordinates. That is
not the ase [107℄. As postulates for a path integral quantization sheme we have:
1. Express the lassial kinematial variables p and q in Cartesian oordinates.
2. Given that |q, t〉, where Q(t)|q, t〉 = q|q, t〉, denote sharp position eigenstates,
write the transition matrix element in the form of a path integral as
〈q′′, T |q′, 0〉 = M
∫
exp
(
(i/~)
∫ (
pq˙ − Hˆ(p, q)) dt)DpDq. (III.1.5)
3. Reognize that the formal path integral (III.1.5) is eetively undened and
replae it by a regularized form of path integral, namely,
〈q′′, T |q′, 0〉 = lim
N→∞
MN
∫
exp
( i
~
N∑
l=0
(
pl+1/2(ql+1 − ql)
− ǫ
2
Hˆ(pl+1/2, ql+1 + ql)
))
ΠNl=0dpl+1/2Π
N
l=1dql, (III.1.6)
where qN+1 = q
′′
, q0 = q
′
, MN = (2π~)
−(N+1)
, pl+1/2 = (pl + pl+1)/2, and
ǫ = T/(N + 1).
Impliit in the latter expression is a Weyl ordering hoie to resolve any operator
ordering ambiguities. Observe that the naive lattie formulation of the lassial
ation leads to orret quantum mehanial results, generally speaking, only in
Cartesian oordinates. Although the formal phase spae path integral (III.1.5)
appears superially to be ovariant under anonial oordinate transformations,
it would be inorret to onlude that was the ase inasmuh as it would imply
that the spetrum of diverse physial systems would be idential. In ontrast, the
naive lattie presription applies only to Cartesian oordinates, the same family of
2
The Dira quantization although traditionally used is, atually, Hamilton formulation
method, beause operator ordering problems are not onsidered here. We give a very brief sum-
mary of the theory in Se. 45.
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oordinates singled out in the rst postulate of eah of the previous quantization
shemes.
It is essential that traditional quantization methods start from global Cartesian
oordinate system
3
and Hamiltonian funtion. But if we want Lorenz ovariant
theory, then it is not a good idea to start formulation from the Hamiltonian as
there are no easy ways to ensure Lorenz ovariane
4
. The easiest way to get Lorenz
ovariant theory is to start formulation from Lorenz invariant Lagrangian. This
way leads us diretly both to Hamilton formulation and operator ordering problems.
1.4. Weyl ordering. A path integral formalism sometimes is referred to as
a quantum method resolving the operator ordering problem [110℄. This is beause
the Weyl ordered expressions are used in the regularized form (III.1.6) of a path
integral in order to resolve the ambiguities
5
.
Let us illustrate the problem for an unonstrained system. Namely, let us reall
the well known harmoni osillator example. The problem is that two idential
lassial Hamiltonians
H1 ∼ x2 + p2; H2 ∼ (x− ip)(x+ ip), (III.1.9a)
lead to dierent energies in quantum theory
E1 ∼ ~ω(n+ 1
2
); and E2 ∼ ~ωn, (III.1.9b)
respetively, when the same ommutation relations [pˆ, qˆ] is imposed. The reason
is that the two quantum Hamiltonians (III.1.9a) dier exatly by the ommutator
[pˆ, qˆ], what is indiated by additional 12~ω term in the system energy. The Weyl
ordered Hamiltonian
6 H1 results to the true
7
energy ~ω(n + 12 ). How an Weyl
ordering an be applied in the general ase?
3
Needless to say that there are no ways to introdue global Cartesian oordinates onto arbi-
trary onguration (phase) spae.
4
Lorenz ovariant theory (Lorenz invariant Lagrangian) plaes time and spae on the same
footing, whereas time plays a speial role in Hamiltonian and, therefore, in quantum theory
(quantum mehanis). Also, there are no ways to make time an operator [108℄. Indeed, if time
where an operator tˆ it would be the omponent of a four-position operator Xˆ = (tˆ, xˆ) onjugate
to the Hamiltonian Hˆ in the four momentum Pˆ = (Hˆ, pˆ)[
Pµ,Xν
]
= igµν ; gµν = {1,−1,−1,−1}. (III.1.7)
Then ommutator [Hˆ, tˆ ] = i implies
exp(−iǫtˆ )Hˆ exp(iǫtˆ ) = Hˆ − ǫ, (III.1.8)
for any onstant ǫ. Thus the operator exp(iǫtˆ) applied to any eigenstate |E〉 of Hˆ with energy
eigenvalue E produes another eigenstate exp(iǫtˆ )|E〉 with shifted eigenvalue E − ǫ. That indi-
ates the presene of a ontinuous energy spetrum with range −∞ < E < ∞, ontrary to the
requirement that E be bounded from below. Also, it ontradits the fat that generally, E is
quantized [109℄.
5
Path integral (III.1.5) value still strongly depends on the nite-dimensional approximations.
Points pk, qk in (III.1.6) are hosen in suh a way (usually in the entre of the interval) that
(III.1.6) limit oinides with operator e
i
h
tHˆ
matrix element only when
1
2
(pˆqˆ+ qˆpˆ) orresponds to
lassial expression pq. Interesting, but the exeptions are known, when the middle point is not
appropriate [107℄. As far as we know, there is no general reipe how to hoose these points in the
ase of arbitrary urved spae.
6
The seond Hamiltonian H2 is not Weyl ordered. Weyl ordering of it leads to the rst one,
beause the Weyl ordering in two operator ase is simple symmetrization.
7
Although in this ase the referene point an be shifted by − 1
2
~ω to ensure the same result.
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Beause of nonvanishing ommutator [q˙, q] 6= 0 we need to state more expliitly
what we understand under the symbol ∂tG(q). The most natural seems to be the
denition (
∂tG(q)
)
W
eyl ordering
=
1
2
{
q˙,
dG(q)
dq
}
, (III.1.10)
whih is a onsequene of appliation of the Newton-Leibnitz rule to Taylor series
expansion of arbitrary funtion G(q),
G(q) = G(q0) +G
′(q)
∣∣∣
q=q0
q +
1
2
G′′(q)
∣∣∣
q=q0
q2 + · · · . (III.1.11)
Indeed,
(∂tq
2)W = ∂t(q q) = q˙q + qq˙ =
1
2
{q˙, d(q
2)
dq
}, (III.1.12a)
(∂tq
3)W = ∂t(q q q) = q˙q
2 + qq˙q + q2q˙ =
3
2
(q˙q2 + q2q˙) =
1
2
{q˙, d(q
3)
dq
}, (III.1.12b)
. . . . . . . . . . . . . . . . . . .
(∂tq
n)W = ∂t (q . . . q)︸ ︷︷ ︸
n
= q˙q + · · ·+ qq˙︸ ︷︷ ︸
n
=
1
2
{
q˙,
dqn
dq
}
. (III.1.12)
Here the notation (∂tq
n)W is related to the usual Weyl ordering notation (a
nb)W
in an obvious way
1
n
(
∂tq
n
)
W
=
(
qn−1q˙
)
W
. (III.1.13)
The general Weyl ordered term (qnq˙)W1 has a form
(qnq˙)W1 =
1
n+ 1
n∑
l=0
qn−lq˙ql. (III.1.14)
It is straightforward to prove [111℄ that the above form of Weyl ordering is idential
to the denition
8
(qnq˙)W2 = (
1
2
)n
n∑
l=0
n!
l!(n− l)!q
n−lq˙ql. (III.1.15)
The Weyl ordering has a number of interesting features [110℄ and is widely used.
Further in the work we will follow denition (qnq˙)W1 , whih is idential to (III.1.10)
form.
1.5. Hamilton formulation. Passage from Lagrangian to Hamiltonian some-
times requires additional assumptions. Important lass of theories, where standard
Hamiltonization fails, is, for example, nonlinear models of elementary partiles,
inluding the Skyrme model.
Let us onentrate on Lagrangian theories only, namely on loal Lagrangian
theories of the form
L =
∫
L (φ, ∂µφ)d
nx, (III.1.16)
8
Let us illustrate this for (q2q˙)W1 and (q
2q˙)W2 terms. Indeed the sequene (q
2q˙)W2 =
1
4
(
q2q˙+2qq˙q+ q˙q2
)
= 1
4
(
q2q˙+( 4
3
+ 2
3
)qq˙q+ q˙q2
)
= 1
4
(
4
3
q2q˙+ 4
3
qq˙q+ 4
3
q˙q2
)
= 1
3
(
q2q˙+qq˙q+ q˙q2
)
=
(q2q˙)W1 shows the result.
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allowing non-ambiguous equations of motion
9
. All Lagrangians an be lassied
into two large groups, depending the system Hessian
Mij =
∂2L
∂q˙i∂q˙j
, (III.1.17)
is singular or not. In the ase of nonsingular Hessian the usual method of Hamilton
formulation is valid [112℄.
1.6. Singular theories. When Mij is a singular matrix (detMij = 0), then
we annot express all veloities q˙ as funtions of momenta p and oordinates q. To
show this we simply rewrite Lagrange seond order equations
δS
δqi
=
∂L
∂qi
− d
dt
∂L
∂q˙i
= 0; S =
∫
L dt, (III.1.18)
into two rst order equations
Mvij v˙
j = Kvi , q˙
i = vi, (III.1.19)
where the upper index v means that all q˙ are hanged to v. It is easy to see that the
passage from Lagrangian to Hamiltonian is just variables exhange (q,v)→ (q,p).
The exhange Jaobian is
D(q,v)
D(q,p)
=
1
det
∥∥∥ ∂2L v∂vi∂vj ∥∥∥ , (III.1.20)
and, therefore should dier from zero. It is a simple task to hek wheather Skyrme
Lagrangian is singular or not. This depends on parametrization. In the Euler-
Rodrigues parametrization (II.1.1) we an express one dierential as a funtion of
others, beause of the onstraint (II.1.2) on the elds. Thus we have singular theory
in Euler-Rodrigues parametrization, whereas Hessian is learly nonsingular in Euler
angles parametrization (II.1.3).
1.7. Dira-Bergmann theory of onstraints.
10
Let M be the spae of
"oordinates" appropriate to a Lagrangian L. We denote the points of M by
q = (q1, q2, . . . ). Now given any manifold M , it is possible to assoiate two spaes
TM and T ∗M to M . The spae TM is alled the tangent bundle over M . The
oordinate of a point (q, q˙) of TM an be interpreted as a position and a veloity.
The Lagrangian is a funtion on TM . The spae T ∗M is alled the otangent
bundle over M . The oordinate of a point (q,p) of T ∗M an be interpreted as a
oordinate and a momentum. At eah point q, momenta p belongs to the vetor
spae dual to the vetor spae of veloities. Now given a Lagrangian L, there exists
a map from TM to T ∗M dened by
(q, q˙)→
(
q,
∂L(q, q˙)
∂q˙
)
. (III.1.21)
If this map is globally one to one and onto, the image of TM is T ∗M and we an
express veloity as a funtion of position and momentum (see also previous setion).
This is the ase in elementary mehanis and leads to the familiar rules for the
passage from Lagrangian to Hamiltonian mehanis. It may happen, however, that
9
For example, Lagrangian L = q leads to ambiguous Euler-Lagrange equation 1 = 0.
10
The presentation of the subsetion follows Ref. [113℄.
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the image of TM under the map (III.1.21) is not all of T ∗M . Suppose, for instane,
that it is a submanifold of T ∗M dened by the equations
Pa(q,p) = 0; a = 1, 2, . . . . (III.1.22)
Then we are dealing with a theory with onstraints. The onstraints Pa are said to
be primary.
The funtions Pa do not identially vanish on T
∗M : their zeros dene a sub-
manifold of T ∗M . A reetion of the fat that Pa are not zero funtions on T ∗M is
that there exist funtions G on T ∗M suh that their Poisson brakets11 {G,Pa} do
not vanish on the surfae Pa = 0. These funtions G generate anonial transfor-
mations whih take a point of the surfae Pa = 0 out of this surfae. It follows that
it is inorret to take Poisson brakets of arbitrary funtions with both sides of the
equations Pa = 0 and equate them. This fat is emphasized by rewriting (III.1.22),
replaing the "strong" equality signs = of these equations by "weak" equality signs
≈: Pa ≈ 0. When Pa(q,p) are weakly zero, we an in general set Pa(q,p) equal to
zero only after evaluating all Poisson brakets.
In the presene of onstraints, the Hamiltonian an be shown to be [114, 115℄
H = q˙a
∂L(q, q˙)
∂q˙a
− L(q, q˙) + VaPa(q,p) (III.1.23a)
= H0 + VaPa(q,p). (III.1.23b)
In obtaining H0 from the rst two terms of the rst line, one an freely use the
primary onstrains. The funtions Va are as yet undetermined Lagrange multipliers.
Some of them may get determined later in the analysis while the remaining ones
will ontinue to be unknown with even their time dependene arbitrary.
Consisteny of dynami requires that the primary onstrains are preserved in
time. Thus we require that {
Pa, H
} ≈ 0. (III.1.24)
These equations may determine some of the Va or they may hold identially when
the onstraints Pa ≈ 0 are imposed. Yet another possibility is that they lead to the
"seondary onstraints" P ′a(q,p) ≈ 0. The requirement
{
P ′a, H
} ≈ 0 may deter-
mine more of the Lagrange multipliers, lead to tertiary onstraints or be identially
satised when (III.1.24) and P ′a ≈ 0 are imposed. We proeed in this fashion until
no more new onstraints are generated.
Let us denote all the onstraints one obtains in this way by Cb ≈ 0. Dira
divides these onstraints into the rst and the seond lass onstraints. First lass
onstraints Fa ≈ 0 are those for whih
{
Fa, Cb
} ≈ 0, ∀b. In other words, the
Poisson brakets of Fa with Cb vanish on the surfae dened by Cb ≈ 0. The
remaining onstraints Sa are dened to be seond lass. It an be shown that{
Fa, Fb
}
= CcabFc, (III.1.25)
where Ccab = −Ccba are funtions on T ∗M . The proof an be found in [113, 114℄.
Let C be the submanifold of T ∗M dened by the onstraints:
C =
{
(q,p)|Cb(q, Bp) = 0
}
. (III.1.26)
Then sine the anonial transformations generated by Fa preserve the onstraints,
a point of C is mapped onto another point of C under the anonial transformations
11
Reall that in quantum theory Poisson brakets are turned into ommutators.
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generated by Fa. Sine the anonial transformations generated by Sa do not
preserve the onstraints, suh is not the ase for Sa. Seond lass onstraints an
be eliminated by introduing the so-alled Dira brakets. They have the basi
property that the Dira braket of Sa with any funtion on T
∗M is weakly zero.
Let F be the set of all funtions whih have zero Poisson brakets with Sa. So long
as we work with only suh funtions, we an use the onstraints Sa ≈ 0 as strong
onstraints Sa = 0. Assuming that there are no rst lass onstraints, the number n
of funtionally independent funtions F is dim(T ∗M)−s, s being number of seond
lass onstraints. Thus s seond lass onstraints eliminate s variables. Sine matrix
(
{
Sa, Sb
}
) is nonsingular and antisymmetri, s is even. Sine dim(T ∗M) is even as
well, n is even.
Let us apply this theory to the Skyrme model [43℄. In Euler-Rodrigues parametriza-
tion (II.1.1) we have primary onstraint (II.1.2)
S1 = ΦaΦa − 1 = 0; a = 1, 2, 3, 4. (III.1.27a)
The further requirement that the ondition (III.1.27a) not vary in time an be
satised by imposing a seondary onstraint
S2 = ΦaMabΦ˙b − 1 = 0; a, b = 1, 2, 3, 4 , (III.1.27b)
where Mab is inertia density matrix in Euler-Rodrigues parametrization expliit
form of whih is not important for further onsideration (see [43℄ for details). It an
be shown (using the anonial equations of motion) that this seondary onstraint
is independent of time [43℄. These two onstrains (III.1.27) are of the seond lass,
beause Poisson braket of the elds S1 and S2 is non-vanishing. This is also
onsistent with the fat that seond lass onstraints ome in pairs.
If one arries out a anonial quantization by the usual ommutators, trouble
ensues from this nonommutativity
[
S1, S2
]
PB
6= 0. The quantum expression of
the onstraints is that every vetor in Hilbert spae must be annihilated by the
onstraint operators Sˆ1 and Sˆ2. It follows trivially that every vetor must also
be annihilated by their ommutator and this onlusion is inonsistent sine the
ommutator in question is itself nonvanishing in the anonial quantization. One
resolution of this diulty is to introdue modied lassial brakets, the Dira
brakets, whih share with the Poisson brakets all its basi algebrai properties,
but are designed so that the Dira braket of any pair of seond lass onstraints
vanishes, in our ase,
[
S1, S2
]
DB
= 0. The Dira brakets replae the Poisson
brakets for determining the time evolution of relevant quantities. This replaement
also eliminates the need to introdue a Lagrange multiplier eld.
It an be shown [115℄ that for seond lass onstraints there exists a anonial
transformation leading to omplete elimination of dependent dynamial variables.
By anonial transformation here we mean non-singular transformation of dynam-
ial variables η → η′, η ≡ (q,p); η′ ≡ (q′,p′) if for arbitrary funtions G1(η)
and G2(η) Poisson brakets are invariant in the following sense{
G1(η), G2(η)
}
=
{
G′1(η
′), G′2(η
′)
}
, G′i(η
′) = Gi(η), i = 1, 2. (III.1.28)
Note, however, that nding this eliminating transformation is nontrivial task, gen-
eral solution of whih is unknown [115℄. Dira brakets in these new variables
η′ oinide with Poisson brakets. In the SU(2) Skyrme model this elimination
fortunately an easy be done by introduing Euler angles parametrization.
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In SU(3) Skyrme model the problem annot be ompletely solved by appro-
priate parametrization, beause of the rst lass onstraints appearane in the
theory. In this ase Dira presription for dealing with rst lass onstraints should
be followed. Quantization of SU(3) Skyrme model is also ompliated by Wess-
Zumino term, whih eliminates an extra disrete symmetry that is not a symmetry
of QCD [29, 30, 116℄. Wess-Zumino term, however, vanishes in the SU(2) ase
even in quantum model [49℄.
To summarize, despite Dira quantization
12
(with its onstraints lassiation
into primary/seondary/tertiary/. . . , rst/seond lass) is onvenient and tradi-
tionally often followed, it is, in fat not mandatory [112℄, due to existene [115℄
of anonial transformations (III.1.28), whih eliminate dependent dynamial vari-
ables. If this elimination is tehnially formidable task, then Dira proedure pro-
vides us with onsistent quantization method. Euler angles (II.1.3) parametrization
automatially eliminates dependent dynamial variables, and thus is onsistent with
Dira presription.
2. Quantization of skyrmion in olletive oordinate approah
The setion deals with quantization of the "zero frequeny modes" or "olletive
oordinates" of the lassial skyrmion. We proeed here (as in the lassial ase)
with arbitrary irreduible representation. The ase of reduible representation is
investigated in the last subsetion.
2.1. Colletive oordinate approah. An approximation of "zero modes"
or "olletive oordinates", whih retains just a few modes out of a possible innite
number of modes, requires justiation. It has been the subjet of some ritiism.
We shall, however, proeed with our alulations using this approximation.
Following G.S. Adkins et al. [8℄ we shall employ olletive rotational oordi-
nates
13
to separate the variables whih depend on the time and spatial oordinates
U
(
x,q(t)
)
= A
(
q(t)
)
Uc(x)A
†(q(t)), A(q(t)) ∈ SU(2)I . (III.2.1)
Three real independent parameters q(t) =
(
q1(t), q2(t), q3(t)
)
are dynamial quan-
tum variables  skyrmion rotation (Euler) angles in the internal (isotopi) spae
SU(2)I = diag
(
SU(2)L⊗SU(2)R
)
but not in geometri spae SO(3). The skyrmion
remains stati in geometri spae.
Quantum utuations near the lassial solution
14
an be put into two dierent
lasses. Namely, utuation modes whih are generated by ation or Hamiltonian
symmetries and modes orthogonal to the symmetri one. Symmetri utuation
modes are of primary importane in quantum desription beause the innitely
small energy perturbation an lead to reasonable deviations from lassial solu-
tion. As a onsequene, olletive rotation matries A(t),A†(t) in (III.2.1) are not
required to be small (i.e. lose to the identity matrix).
12
More preisely Hamiltonian formulation sheme.
13
The method of olletive oordinates originally was introdued by N.N Bogolyubov in [117℄.
14
Reall that the most general olletive rotational variables U(x, t) = V(t)Uc(x)W−1(t)
orresponding to the full hiral invariane group SU(2)L ⊗ SU(2)R of the Lagrangian (II.1.6)
are not appropriate, beause we are interested only in utuations preserving U(x, t) = 1, when
|x| → ∞.
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2.2. Commutation relations. We shall onsider the Skyrme Lagrangian
(II.1.6) quantum mehanially ab initio. The generalized oordinates q(t) and
veloities q˙(t) then satisfy the ommutation relations15[
q˙r, qk
]
= −igrk(q). (III.2.2)
Here the tensor grk(q) is a funtion of generalized oordinates q only, the expliit
form of whih is determined after the quantization ondition has been imposed
16
.
The tensor grk is symmetri with respet to interhange of the indies r and k as a
onsequene of the ommutation relation [qr, qk] = 0. Indeed, dierentiation of the
relation gives [q˙r, qk] = [q˙k, qr], from what it follows that grk is symmetri. The
ommutation relation between a generalized veloity omponent q˙k and arbitrary
funtion G(q) is given by[
q˙k, G(q)
]
= −i
∑
r
gkr(q)
∂
∂qr
G(q). (III.2.3)
We shall employ the Weyl ordering for the nonommuting operators q˙, G(q) through-
out
∂tG(q) =
1
2
{
q˙r,
∂G(q)
∂qr
}
, (III.2.4)
where symbol ∂tG(q) further in the work is understood as
(
∂tG(q)
)
W
. The operator
ordering is xed by the form of the lassial Lagrangian (II.1.6) and no further
ambiguity assoiated with it appears at the level of the Hamiltonian. In order to
nd the expliit form of grk(q) one an substitute (III.2.1) into (II.1.6) and keep
only terms quadrati in veloities
17
Lˆ(q˙,q, F ) =
1
N
∫
Lˆ
(
x, q˙(t),q(t), F (r)
)
r2 sinϑdrdϑdϕ
=
1
2
q˙rgrk(q)q˙
k + (q˙)0-order term, (III.2.5)
where
N =
2
3
j(j + 1)(2j + 1), (III.2.6)
and we introdue here from the very beginning a normalization fator in the La-
grangian (II.1.6) in order to ensure baryon number 1. The 3 × 3 metri tensor
grk(q) is dened [49℄ as the salar produt of a set of funtions (II.1.14) C
(m)
r (q)
or C
′(m)
r (q)
grk(q) = −1
2
a(F )
∑
m
(−)mC(m)r (q)C(−m)k (q) = −
1
2
a(F )
∑
m
(−)mC′(m)r (q)C′(−m)k (q)
= a(F )δr,k + a(F )(δr,1δk,3 + δr,3δk,1) cos q
2, (III.2.7)
15
We quantize only internal (isotopi) rotational degrees of freedom of the stati soliton.
Note that this does not imply that the quantization annot aet the shape of the solution in
geometri spae. Conversely, beause internal and geometri indies are mixed in the solution
(II.2.13) the shape of quantum hedgehog ansatz is signiantly modied (see Fig. III.1).
16
Assumption (III.2.2) atually is a onsequene [94, 118℄ of anonial ommutation relation
(III.2.10) and anonial momentum denition (III.2.9).
17
Lagrangian formulation and absene of the rst order onstrains suggest that terms linear
in q˙ should not appear. This is indeed the ase [48℄. Terms whih are independent of q˙ do not
ontribute to momenta and thus to grk also.
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where a(F ) (soliton inertia moment) is the following integral:
a(F ) =
∫
d3xA
(
F (r)
)
=
1
e3fπ
a˜(F )
=
1
e3fπ
8π
3
∫
dr˜r˜2 sin2 F
(
1 + F ′2 +
sin2 F
r˜2
)
. (III.2.8)
The appropriate denition for the anonial momentum pr (whih is onjugate to
qr) is
pr(q˙,q, F ) =
∂Lˆ(q˙,q, F )
∂q˙r
=
1
2
{
q˙k, grk(q)
}
. (III.2.9)
The anonial ommutation relation[
pr(q˙,q, F ), q
k
]
= −iδ kr , (III.2.10)
then yields the following expliit form for funtions grk(q):
grk(q) = g−1rk (q). (III.2.11)
Note that for the time being we do not require [pr, pk] = 0.
2.3. Angular momentum operators and remark on [pr, pk]. Beause of
the model spherial symmetry
18
it is onvenient to introdue operators Jˆ, Jˆ′ instead
of anonial momentum operators p
Jˆ ′a = −
i
2
{
pr, C
′r
(a)(q)
}
= (−1)a ia(F )
4
{
q˙r, C′(−a)r (q)
}
, (III.2.12a)
Jˆa = − i
2
{
pr, C
r
(a)(q)
}
= (−1)a ia(F )
4
{
q˙r, C(−a)r (q)
}
. (III.2.12b)
Straightforward but lenghty alulations then show that the following relations
hold [48℄:[{
pl, C
′l
(a)(q)
}
,
{
pk, C
′k
(b)(q)
}]
=
{
C′l(a)(q),
{
C′k(b)(q),
[
pl, pk
]}}
+ 2i
[1 1 1
a b a+ b
]{
pk, C
′k
(a+b)(q)
}
. (III.2.13)
In obtaining (III.2.13) the below equalities are useful:[{
a, b
}
,
{
c, d
}]
=
{
a,
{
c, [b, d]
}}
+
{
b,
{
c, [a, d]
}}
+
{
a,
{
d, [b, c]
}}
+
{
b,
{
d, [a, c]
}}
, (III.2.14)
[{
a, b
}
, c
]
=
{
a,
[
b, c
]}
+
{[
a, c
]
, b
}
, (III.2.15)
∂kC
′(a+b)
l (q) − ∂lC′(a+b)k (q) =
[1 1 1
a b a+ b
]
C
′(a)
k (q)C
′(b)
l (q), (III.2.16)[
pi, G(q)
]
=− i∂iG(q), (III.2.17)
18
Important here is the spherial symmetry of dynamial degrees of freedom q : SU(2)I ∼
SO(3)I .
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where G(q) is an arbitrary funtion of q. Thus from (III.2.13) we have[
Jˆ ′a, Jˆ
′
b
]
= −1
4
({
C′l(a)(q),
{
C′k(b)(q),
[
pl, pk
]}})
+
[
1 1 1
a b a+ b
]
Jˆ ′a+b. (III.2.18)
Let us examine ommutator
[
pr, pk
]
. From (III.2.12a) we have
pr =
i
2
{
C′(a)r (q), Jˆ
′
a
}
. (III.2.19)
Introduing vielbeins h
(a)
r (q) and dual vielbeins hr(a)(q)∑
a
(−1)ah(a)r (q)h(−a)k (q) = grk(q),
∑
a
(−1)ahr(a)(q)hk(−a)(q) = grk(q),
(III.2.20a)
h(a)r (q) = i
√
a(F )
2
C′(a)r (q), h
r
(a)(q) = −i
√
2
a(F )
C′r(a)(q), (III.2.20b)
we an rewrite (III.2.19) in a geometrially more suitable form
pr =
1√
2a(F )
{
h(a)r (q), Jˆ
′
a
}
. (III.2.21)
Utilizing equations [[
Jˆ ′c, h
(a)
k (q)
]
, h(b)s (q)
]
= 0, (III.2.22a)[[
Jˆ ′c, h
(a)
k (q)
]
,
[
Jˆ ′d, h
(b)
s (q)
]]
= 0, (III.2.22b)
whih are obtained without reourse to
[
pr, pk
]
we obtain with the help of (III.2.21),
(III.2.14), (III.2.16), (III.2.15), (II.1.15b) and (III.2.17)[
pr, pk
]
=
1
2a(F )
[{
h(a)r (q), Jˆ
′
a
}
,
{
h
(b)
k (q), Jˆ
′
b
}]
=
1
2a(F )
({
h(a)r (q),
{
h
(b)
k (q),
[
Jˆ ′a, Jˆ
′
b
]}}
+ 2
{
Jˆ ′b,
[
Jˆ ′a, h
(b)
r (q)
]
h
(a)
k (q)
− [Jˆ ′b, h(a)r (q)]h(b)k (q)}
)
=
1
2a(F )
{
h(a)r (q),
{
h
(b)
k (q),
[
Jˆ ′a, Jˆ
′
b
]}}
+
1
4
{
Jˆ ′m+n,
[
1 1 1
m n m+ n
]
C′(m)r (q)C
′(n)
k (q)
}
.
(III.2.23)
It is easy to see that metri (III.2.7) is invariant under loal rotations of vielbeins
(III.2.20)
h(a)r (q)→ h′(a)r (q) = D1a,b
(
α(q)
)
h(b)r (q). (III.2.24)
This is related to the fat that spae dened by metri (III.2.7) is of onstant
urvature
R = Rrkkr = −
3
2a(F )
, (III.2.25a)
Rrksl = g
kp
(
∂sΓ
r
pl − ∂lΓrps + ΓrshΓhpl − ΓrlhΓhps
)
, (III.2.25b)
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Γrpl being Christoel symbols
Γrls =
1
2
grp
(
∂lgps + ∂sgpl − ∂pgls
)
. (III.2.25)
Equations (III.2.2) and (III.2.11) then imply that one an loally rotate vielbeins
(III.2.24) without aeting ommutation relation (III.2.10).
Dening spin onnetion Aab;r(q) in usual way [48, 97, 119℄
∇rC′(a)k (q) =∂rC′(a)k (q) − ΓsrkC′(a)s (q), (III.2.26a)
∇rC′(a)k (q) =−Aab;r(q)C′(b)k (q), (III.2.26b)
and employing (III.2.25) and (III.2.16) we get expliit form for onnetion Aab;r(q)
Aaa−b;r(q) = −
1
2
[1 1 1
b a− b a
]
C′(b)r (q), (III.2.27)
whih transformes under loal rotation of vielbeins (III.2.24) in well known way
A′ab;r(q) = D
1
a,c
(
α(q)
)
Acd;r(q)D
1†
d,b
(
α(q)
) − ∂rD1a,c(α(q))D1†c,b(α(q)). (III.2.28)
Rewriting equation (III.2.23) in terms of spin onnetion Aab;r(q)[
pr, pk
]
=
1
2a(F )
{
h(a)r (q),
{
h
(b)
k (q),
[
Jˆ ′a, Jˆ
′
b
]}}
+
i√
2a(F )
{
Jˆ ′m, A
m
n;r(q)h
(n)
k (q)
}
,
or in a form reeting the expression symmetry in respet of interhange of indies
r, k
=
1
2a(F )
{
h(a)r (q),
{
h
(b)
k (q),
[
Jˆ ′a, Jˆ
′
b
]}}
+
i
2
√
2a(F )
{
Jˆ ′m, A
m
n;r(q)h
(n)
k (q) −Amn;k(q)h(n)r (q)
}
, (III.2.29)
we are ready to show that one an perform a suitable loal rotation (III.2.24) of
vielbeins around a point P (q) to ensure
[
pr, pk
]
= 0 at that point. From Jaobi
identity [
ξ,
[
η, ζ
]]
+
[
η,
[
ζ, ξ
]]
+
[
ζ,
[
ξ, η
]]
= 0, (III.2.30)
we have [[
pr, pk
]
, G(q)
]
= 0, (III.2.31)
for an arbitrary funtion G(q) satisfying ∂r∂kG(q) = ∂k∂rG(q). Assume that
suh a rotation has been found. Then (III.2.18) redues to
[
Jˆ ′a, Jˆ
′
b
]
=
[1 1 1
a b a+ b
]
Jˆ ′a+b, (III.2.32)
and (III.2.23) to
[
pr, pk
]
=
i
2
√
2a(F )
{
Jˆ ′m, A
m
n;r(q)h
(n)
k (q)−Amn;k(q)h(n)r (q)
}
, (III.2.33)
2. QUANTIZATION OF SKYRMION IN COLLECTIVE COORDINATE APPROACH 43
where we have used symmetry reeting form (III.2.29). Substitution of (III.2.33)
into (III.2.31) leads to(
Amn;r(q)h
(n)
k (q) −Amn;k(q)h(n)r (q)
)
hs(m)∂sG(q) = 0. (III.2.34)
This implies that Amn;r(q) ≃ 0 in the very viinity of the point P (q). Thus,
equation (III.2.28) with A′ab;r(q) = 0 gives us expliit partial dierential equations
for loal rotation angles α(q).
When
[
pr, pk
]
= 0, operators Jˆ′, Jˆ beome angular momentum operators with
usual ommutation relations (III.2.32) and[
Jˆa, Jˆb
]
=
[
1 1 1
a b a+ b
]
Jˆa+b, (III.2.35)
respetively. The operator Jˆ′ is then a right rotation generating matrix Dℓ(q)[
Jˆ ′a, D
ℓ
m,m′(q)
]
=−
〈
ℓ,m′ + a
∣∣∣Jˆa∣∣∣ℓ,m′〉Dℓm,m′+a(q), (III.2.36)
and Jˆ is a left rotation generating matrix Dℓ(q)[
Jˆa, D
ℓ
m,m′(q)
]
=
〈
ℓ,m
∣∣∣Jˆa∣∣∣ℓ,m− a〉Dℓm−a,m′(q). (III.2.37)
2.4. The Hamiltonian and state vetors. In order to alulate all terms
in quantum Lagrangian expression (III.2.5), we substitute olletive rotational o-
ordinates (III.2.1) into properly normalized Lagrangian density (II.1.6). Utilizing
ommutation rule (III.2.3) and relations (II.1.12) for Wigner Dj funtions we an
pull out all veloities to one or another side in symmetri fashion. Formulas
19
Tr{〈jm∣∣J ′aJ ′b∣∣jm〉} = (−1)a 16j(j + 1)(2j + 1)δa,−b, (III.2.38a)
Tr{〈jm∣∣J ′aJ ′bJ ′c∣∣jm〉} = −(−1)a j(j + 1)(2j + 1)3 · 4
[
1 1 1
c b −a
]
, (III.2.38b)
Tr{〈jm∣∣J ′aJ ′bJ ′cJ ′d∣∣jm〉} =∑
k
(−1)a+b 1
4
j2(j + 1)2(2j + 1)2
{j j k
1 1 j
}2
×
[
1 1 k
a b a+ b
][
1 1 k
c d c+ d
]
, (III.2.38)
then allow us to take trae expliitly. The resulting expression still ontains a lot
(up to 6 for Lagrangian density and up to 8 for Noether urrent densities) of sums
over repeated group indies. We have used omputer algebra system to make the
expliit summation
20
. The result of all omputations is the following expliit form
for the quantum Lagrangian [2℄:
Lˆ(q˙,q, F ) = −M(F )−∆Mj(F ) + 1
a(F )
Jˆ′2, (III.2.39a)
= −M(F )−∆Mj(F ) + 1
a(F )
Jˆ2, (III.2.39b)
19
Formulas (III.2.38) are derived by E. Norvai²as (private ommuniation).
20
Reently we have made some progress in ompleting the summation manually, but inter-
mediate results are still very large. Computer algebra system also was used to hek many of
symboli manipulations mentioned above.
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and its density
Lˆ (r, q˙,q) =
3A (F )
2 a2(F )
(
Jˆ′2 − (Jˆ′ · x¯)(Jˆ′ · x¯)
)
−∆Mj(F )−M (F ). (III.2.40)
Here M(F ) is lassial soliton mass
M(F ) =
∫
d3xM (F (r)) =
fπ
e
M˜(F )
=2π
fπ
e
∫
dr˜r˜2
(
F ′2 +
sin2F
r˜2
(
2 + 2F ′2 +
sin2F
r˜2
))
, (III.2.41)
and
∆Mj(F ) =
∫
d3x∆Mj(F (r)) = e
3fπ∆M˜j(F )
=− 2πe
3fπ
5a˜2
∫
dr˜r˜2 sin2F
(
5 + 2(2j − 1)(2j + 3) sin2F + (8j(j + 1)− 1)F ′2
+
(
2j(j + 1) + 1
) sin2 F
r˜2
− 2(2j − 1)(2j + 3)F ′2 sin2F
)
, (III.2.42)
is quantum mass orretion. The angular momentum operator on the r.h.s. of
(III.2.40) an be separated into salar and tensor terms in the usual way
Jˆ′2 − (Jˆ′ · x¯)(Jˆ′ · x¯) = 2
3
Jˆ′2 − 4π
3
Y ∗2,m+m′(ϑ, ϕ)
[
1 1 2
m m′ m+m′
]
Jˆ ′mJˆ
′
m′ ,
(III.2.43)
where Yl,m(ϑ, ϕ) [82℄ is a spherial funtions.
The volume integral of the Lagrangian density (III.2.40) gives the Lagrangian
(III.2.39). In the fundamental representation (j = 1/2), the seond rank tensor
part of (III.2.43) vanishes. This implies that the quadrupole moment of the ∆33
resonane annot be desribed within the fundamental representation.
It is known [118℄ that in the quantum mehanis, the Hamilton formalism is
inonsistent (see also Se. 1) with Lagrange one for veloity dependent potentials
if the Hamiltonian is dened by the ordinary method
Kˆ =
1
2
{
pr, q˙
r
}− Lˆ, (III.2.44)
and that this Kˆ does not satisfy the anonial equations of motion
∂Hˆ(q,p)
∂pi
= q˙i;
∂Hˆ(q,p)
∂qi
= p˙i, (III.2.45)
with Hˆ replaed by Kˆ. In a number of works [94, 95, 96, 98, 99, 118, 120, 121,
122℄ it has been shown that onsistent Lagrange and Hamilton formalism exists
21
for onstant urvature (III.2.25) spaes. The orret Hamiltonian is given [48℄ by
Hˆ =
1
2
{
pr, q˙
r
}− Lˆ(q˙,q)− Z(q), (III.2.46)
satisfying the anonial equations (III.2.45) of motion. The extra term Z(q) arises
from nonommutativity of operators and an be expressed in terms of grk(q) and
grk(q), so that it does not involve q˙ or p. There exist a few expliit forms of Z(q).
21
Moreover, onsistent variation in onnetion with Noether theorem exists for the ase of
onstant urvature [98℄.
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Calulations beome shorter if one uses the following expression of Z(q), given by
R. Sugano [94℄:
Z(q) = − 1
16
grk
(
∂rg
sp
)(
∂kgsp
)
+
1
8
grk
(
∂rg
sp
)(
∂sgkp
)
. (III.2.47)
By diret alulations we see the following identity to hold:
1
2
{
pr, q˙
r
}− Z(q) = 2
a(F )
Jˆ′2. (III.2.48)
Thus the true Hamiltonian is written as
Hˆj(F ) =M(F ) + ∆Mj(F ) +
1
a(F )
Jˆ′2, (III.2.49a)
=M(F ) + ∆Mj(F ) +
1
a(F )
Jˆ2. (III.2.49b)
Note, that both the seond and the third terms on the right-hand side of (III.2.49)
are of the order of ~
2
, the magnitude being harateristi of operator ordering
ontribution [35, 42℄. The Hamiltonian (III.2.49) yields [48℄ anonial equations
of motion (III.2.45) under the ondition
ˆ˙
J = ˆ˙J′ = 0. This ondition is onsistent
with Hˆ(q,p) to be a Hamiltonian, beause we have[
Jˆ′, Hˆ(q,p)
]
= 0;
[
Jˆ, Hˆ(q,p)
]
= 0, (III.2.50)
from ommutation relations (III.2.32) and (III.2.35). The most important feature
of this result is that the quantum orretion∆Mj(F ) is negative denite and that it
depends expliitly on the dimension of the representation of the SU(2) group. This
term is lost in the usual semilassial treatment [8℄ of the Skyrme model even in the
fundamental representation [48℄ of SU(2), beause that ignores the ommutation
relations. For the Hamiltonian (III.2.49) the normalized state vetors with xed
spin and isospin ℓ are∣∣∣∣ ℓm
isospin
,m′
spin
〉
=
√
2ℓ+ 1
4π
Dℓm,m′(q)
∣∣0〉. (III.2.51)
These have the eigenvalues
H(j, ℓ, F ) =M(F ) + ∆Mj(F ) +
ℓ(ℓ+ 1)
2a(F )
. (III.2.52)
This expression is the quantum version of the mass formula of the Skyrme model.
The Hamiltonian density orresponding to the Hamiltonian (III.2.49) has the fol-
lowing matrix elements for baryon states with spin and isospin ℓ > 1/2:〈
ℓ
mi,ms
∣∣∣∣Hˆ (r,q)
∣∣∣∣ ℓmi,ms
〉
=M (F (r)) + ∆Mj(F (r)) +
A (F (r))
2 a2(F )
(
ℓ(ℓ+ 1)
−
√
2
3
π
(
3m2s − ℓ(ℓ+ 1)
)
Y2,0(ϑ, ϕ)
)
. (III.2.53)
For nuleons ℓ = 1/2 the dependene on angles is absent and the quantum skyrmion
is, therefore, spherially symmetri as required. The states with larger spin than
1/2 are, thus, desribed as deformed.
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2.5. Reduible representations. Here we provide modiations whih are
neessary when passing to the general reduible representation
Dj →
∑
k
⊕Djk . (III.2.54)
Thus ∆Mj (III.2.42) in quantum Lagrangian (III.2.39) (and its density (III.2.40)),
Hamiltonian (III.2.49) (and its density (III.2.53)) and quantummass formula (III.2.52)
is modied to
∆MΣj (F ) =
∫
d3x∆MΣj (F (r)) = e
3fπ∆M˜Σj (F )
=− 2πe
3fπ
15a˜2
∫
dr˜r˜2 sin2F
(
15 + 4d2 sin
2F (1− F ′2) + 2d3 sin
2F
r˜2
+ 2d1F
′2
)
.
(III.2.55)
The oeients d1, d2, d3 in these expressions are given as
d1 =
1
N
∑
k
jk(jk + 1)(2jk + 1)
(
8jk(jk + 1)− 1
)
, (III.2.56a)
d2 =
1
N
∑
k
jk(jk + 1)(2jk + 1)(2jk − 1)(2jk + 3), (III.2.56b)
d3 =
1
N
∑
k
jk(jk + 1)(2jk + 1)
(
2jk(jk + 1) + 1
)
, (III.2.56)
with the same generalized normalization fator as in lassial model (II.2.18)
N =
2
3
∑
k
jk(jk + 1)(2jk + 1). (III.2.57)
Further in the work we proeed with the general reduible representation.
3. The Noether urrents
In the setion we introdue vetor and axial-vetor transformations of unitary
eld U and alulate vetor and axial-vetor urrents assuming non-ommutativity
of dynamial variables in the Lagrangian from the outset. Obtained expressions
then are used to dene nuleon and ∆33-resonane magneti momenta and axial
oupling onstant gA. We show that in this approah axial symmetry beomes bro-
ken, whereas vetor symmetry is still onserved. In the end we provide denitions
of various experimentally measurable radii following Ref. [8℄.
3.1. Vetor and axial transformations.
22
Long before QCD was believed
to be the theory of strong interations, the phenomenologial indiations for the
existene of hiral symmetry ame from the study of the nulear beta deay: n→
p+e+ ν¯. There one nds that the weak oupling onstants for the vetor and axial-
vetor hadroni urrents, V and A, did not (in the ase of V ) or only slightly(25% in
the ase of A) dier from those for the leptoni ounterparts. Consequently, strong
interation "radiative" orretions to the weak vetor and axial vetor "harge" are
absent. The same is true for the more familiar ase of the eletri harge and there
we know that it is its onservation, whih protets it from radiative orretions.
Analogously, we expet the weak vetor and axial vetor harge, or more generally,
22
The presentation of the subsetion follows Ref. [85℄.
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urrents, to be onserved due to some symmetry of the strong interation. In ase
of the vetor urrent, the underlying symmetry is the well known isospin symmetry
of the strong interations and thus the hadroni vetor urrent is identied with the
isospin urrent. Vetor-transformation, therefore, is the isospin rotation. In terms
of pions this an be written as
pi → pi +Θ× pi, (III.3.1)
whih states that the isospin diretion of the pion is rotated by angle Θ. The
isospin, thus, is a onstant of motion assoiated with vetor transformation. Also
note that vetor transformation leaves the vauumU = 1 invariant, due to rotation
in the isospae only.
The identiation of the axial urrent, on the other hand, is not so straightfor-
ward. This is due to another, very important and interesting feature of the strong
interation, namely that the symmetry assoiated with the onserved axial-vetor
urrent is "spontaneously broken". By that, one means that while the Hamiltonian
possesses the symmetry, its ground state does not. An important onsequene of
spontaneous breakdown of a symmetry is the existene of a massless mode, the
so-alled Goldstone boson. In our ase, the Goldstone boson is the pion. If hiral
symmetry were a perfet symmetry of QCD, the pion should be massless. Sine
hiral symmetry is only approximate, we expet the pion to have a nite but small
(ompared to all other hadrons) mass. This is indeed the ase. Interpretation of
axial-transformation is also not so straightforward. It an be shown [85℄ that this
transformation mixes pion and σ meson states
pi → pi +Θσ,
σ → σ −Θ · pi.
The pion thus is "rotated" into sigma meson under the axial transformation and
vie versa.
Let us onsider the matrix element of the axial urrent between the vauum
and the pion:
〈
0
∣∣Aˆ µ∣∣pi〉. Beause of parity, the matrix element desribes the weak
deay of the pion and must be proportional to the pion momentum (this is the only
vetor around) 〈
0
∣∣Aˆ aµ(x)∣∣πb(p)〉 = −ifπpµδa,be−ip·x, (III.3.2)
where p is pion momentum, indies a, b refer to isospin, µ indiates the Lorenz
vetor harater of axial urrent, and fπ is the pion deay onstant determined
from the experiment
23
. Taking divergene of (III.3.2) we obtain the relation whih
is often in the literature referred to as the PCAC relation (partial onservation of
axial urrent)〈
0
∣∣∂µAˆ aµ(x)∣∣πb(p)〉 = −ifπm2πδa,be−ip·x = −ifπm2ππaδa,b. (III.3.3)
From this equation we see that to the extent that the pion mass is small ompared to
hadroni sales, the axial urrent is approximately onserved. Or in other words,
the smallness of the pion mass is diretly related to the partial onservation of
the axial urrent, i.e. to the fat that the axial transformation is an approximate
symmetry of QCD.
23
Instead of e−ip·x generally one should use fp(x)  the asymptoti pion wave funtion as
a solution of the Klein-Gordon equation [35℄.
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3.2. Vetor and axial urrents in the Skyrme model. The Lagrangian
density of the Skyrme model is invariant under left and right transformations of
the unitary eld U(q)
U→ (left)U ≡ (1− i2√2ωaJ ′a)U, (III.3.4a)
U→ (right)U ≡ U(1 + i2√2ωaJ ′a). (III.3.4b)
The vetor and axial Noether urrents are nevertheless simpler and diretly related
to physial observables. They are assoiated with the transformations [2℄
U(x)
Vetor transf.−−−−−−−−→
Axial transf.
(
1− i2
√
2ωaJ ′a
)
U(x)
(
1±i2
√
2ωaJ ′a
)
, (III.3.5)
respetively. The fator −2√2 before the generators is introdued so that the
transformation (III.3.5) for j = 1/2 mathes the innitesimal transformation in
Ref. [8℄. The orresponding Noether urrents an be expressed in terms of the
olletive oordinates (III.2.1). After this substitution Noether urrents beome
operators in terms of the generalized olletive oordinates q and the generalized
angular momentum operators Jˆ′ (III.2.12a). Long manipulations similar to those,
desribed in obtaining quantum Hamiltonian, lead to the expliit expression for the
vetor urrent density
Vˆ
a
b =
∂Lˆ V
∂ (∇bωa) = (left)
∂Lˆ
∂ (∇bωa) + (right)
∂Lˆ
∂ (∇bωa)
=
2
√
2 sin2F
r
(
i
(
f2π +
1
e2
(
F ′2 +
sin2F
r2
− 2d2 + 5
4 · 5 · a2 sin
2F
))[1 1 1
u s b
]
D1a,s(q)x¯u
− sin
2F√
2e2a2
(−1)s
([
Jˆ′ × x¯]−sD1a,s(q)[[Jˆ′ × x¯]× x¯]b
+
[[
Jˆ′ × x¯]× x¯]
b
D1a,s(q)
[
Jˆ′ × x¯]−s
))
.
(III.3.6)
Here ∇b is a irular omponent of the gradient operator. The indies a and b
denote isospin and spin omponents respetively. The time (harge) omponent of
the vetor urrent density beomes [2℄
Vˆ
a
t =
∂Lˆ V
∂ (∂0ωa)
= (left)
∂Lˆ
∂ (∇0ωa) + (right)
∂Lˆ
∂ (∇0ωa)
=
2
√
2(−1)s
a
sin2F
(
f2π +
1
e2
(
F ′2 +
sin2F
r2
))(
D1a,−s(q)Jˆ
′
s −D1a,−s(q)x¯s(Jˆ′ · x¯)
)
.
(III.3.7)
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The expliit expression for the axial urrent density takes the form [2℄
Aˆ
a
b =
∂Lˆ A
∂ (∇bωa) = (left)
∂Lˆ
∂ (∇bωa) − (right)
∂Lˆ
∂ (∇bωa)
=
(
f2π
sin 2F
r
+
1
e2
sin 2F
r
(
F ′2
sin2F
r2
− sin
2F
4a2
))
D1a,b(q) +
(
f2π
(
2F ′ − sin 2F
r
)
− 1
e2
(F ′2 sin 2F
r
+
sin2F sin 2F
r3
− 4F
′ sin2F
r2
− sin
2F sin 2F
4a2r
))
(−1)sD1a,s(q)x¯−sx¯b
− 2F
′ sin2F (−1)s
e2a2
(
D1a,s(q)x¯−sJˆ
′2 + Jˆ′2D1a,s(q)x¯−s − 2D1a,s(q)x¯−s(Jˆ′ · x¯)(Jˆ′ · x¯)
)
x¯b
− sin
2F sin 2F
e2a2r
(−1)s
([[
Jˆ′ × x¯]× x¯]
−s
D1a,s(q)
[[
Jˆ′ × x¯]× x¯]
b
+
[[
Jˆ′ × x¯]× x¯]
b
D1a,s(q)
[[
Jˆ′ × x¯]× x¯]
−s
)
.
(III.3.8)
The operators (III.3.6), (III.3.7) and (III.3.8) are well dened for all representations
j of the lassial soliton and for xed spin and isospin ℓ of the quantum skyrmion.
The new terms whih are absent in the semilassial ase are those that have the
fator a2(F ) in the denominator.
The matrix element of the divergene of the vetor urrent density (III.3.6)
vanishes
24
. 〈
ℓ
mi,ms
∣∣∣∣∇bVˆ ab
∣∣∣∣ ℓmi,ms
〉
= 0. (III.3.9)
The result just onrms validity of the variation proedure on onstant urvature
spae [120℄.
3.3. Baryon urrent density and magneti momenta operators. The
onserved topologial urrent density in the Skyrme model is the baryon urrent
density. For the hedgehog solution its omponents take the form [2℄
Bˆa
(
x, F (r)
)
=
1√
2π2r a(F )
F ′ sin2F
[
Jˆ′ × x¯]
a
. (III.3.10)
It is skethed in Fig. III.1 for lassial and quantum hiral angles.
Rotating soliton generates isosalar magneti moment assoiated with urrent
density (III.3.10). The matrix elements of the third omponent of the isosalar
magneti momentum operator have the form [2℄〈
ℓ
mi,ms
∣∣∣∣[µˆI=0]3
∣∣∣∣ ℓmi,ms
〉
=
〈
ℓ
mi,ms
∣∣∣∣12
∫
d3xr
[
x¯×Bˆ]
0
∣∣∣∣ ℓmi,ms
〉
=
e
fπ
(
ℓ(ℓ+ 1)
)1/2
3a˜
〈
r˜2I=0
〉[ ℓ 1 ℓ
ms 0 ms
]
,
(III.3.11)
24
The vetor-transformation (III.3.5) (nite) U → BUB−1 and olletive oordinate rota-
tions (III.2.1) possesses the same symmetry, whereas axial-vetor transformation (nite) U →
BUB does not.
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Figure III.1. Baryon harge density distribution. Dashed line
denotes lassial hiral angle distribution, with parameters e =
5.45; fπ = 64.5 MeV taken from Ref. [8℄. Quantum hiral angle
distributions for various j values are plotted with solid lines.
where the isosalar eletri mean square radius is given as
〈
r2E,I=0
〉
=
1
e2f2π
〈
r˜2E,I=0
〉
;
〈
r˜2E,I=0
〉
= − 2
π
∫
r˜2F ′(r˜) sin2 F (r˜)dr˜. (III.3.12)
The matrix elements of the third omponent of the isovetor part of magneti
momentum operator that is obtained from the isovetor urrent (III.3.7) have the
form [2℄
〈
ℓ
mi,ms
∣∣∣∣[µˆI=1]3
∣∣∣∣ ℓmi,ms
〉
=
〈
ℓ
mi,ms
∣∣∣∣12
∫
d3xr
[
x¯×Vˆ a=3]
0
∣∣∣∣ ℓmi,ms
〉
=
(
a˜
e3 fπ
+
e
fπ
8π
3a˜2
∫
dr˜r˜2 sin4 F
(
1− ℓ(ℓ+ 1)
3
− d2
2 · 5
+
(−1)2ℓ
2
(
5ℓ(ℓ+1)(2ℓ−1)(2ℓ+1)(2ℓ+3)
2·3
) 1
2
{
1 2 1
ℓ ℓ ℓ
}))
×
[ ℓ 1 ℓ
ms 0 ms
][ ℓ 1 ℓ
mi 0 mi
]
,
(III.3.13)
where the symbol in the urly brakets is a 6j oeient [82℄.
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From (III.3.11) and (III.3.13) proton and neutron magneti moments measured
in nulear magnetons an be extrated using relations
µp =
1
2
(
〈 1/21/2,1/2|[µˆI=0]3| 1/21/2,1/2〉+〈 1/21/2,1/2|[µˆI=1]3| 1/21/2,1/2〉
)
, (III.3.14a)
µn =
1
2
(
〈 1/2−1/2,1/2|[µˆI=0]3| 1/2−1/2,1/2〉−〈 1/2−1/2,1/2|[µˆI=1]3| 1/2−1/2,1/2〉
)
. (III.3.14b)
Similar formulas exist for ∆33-resonane magneti moments
∆++33 =
1
2
(
〈 3/23/2,3/2|[µˆI=0]3| 3/23/2,3/2〉+〈 3/23/2,3/2|[µˆI=1]3| 3/23/2,3/2〉
)
, (III.3.15a)
∆+33 =
1
2
(
〈 3/21/2,3/2|[µˆI=0]3| 3/21/2,3/2〉+〈 3/21/2,3/2|[µˆI=1]3| 3/21/2,3/2〉
)
, (III.3.15b)
∆033 =
1
2
(
〈 3/2−1/2,3/2|[µˆI=0]3| 3/2−1/2,3/2〉+〈 3/2−1/2,3/2|[µˆI=1]3| 3/2−1/2,3/2〉
)
, (III.3.15)
∆−33 =
1
2
(
〈 3/2−3/2,3/2|[µˆI=0]3| 3/2−3/2,3/2〉+〈 3/2−3/2,3/2|[µˆI=1]3| 3/2−3/2,3/2〉
)
. (III.3.15d)
Relations (III.3.14) also allow us to obtain proton and neutron harge distribu-
tions, when isosalar and isovetor urrent densities
25
are used instead of integrated
expressions (III.3.11) and (III.3.13). These distributions are measurable quantities
for whih semi-empirial formulas exist [123℄
ρp =
M3Dr
2
2
exp
(−MDr); MD = 0.84 GeV, (III.3.16a)
ρn =
−µnM4Dr
2(5.6M2D − 4m2N )
(
8m2N
(
exp(−MDr) − exp(−2mNr/
√
5.6)
)
5.6M2D − 4m2N
+ rMD exp(−MDr)
)
. (III.3.16b)
Distributions for lassial (short-dashed) and quantum hiral angles in various rep-
resentations (solid lines) are plotted versus semi-empirial distribution (III.3.16b)
and (III.3.16a) (long-dashed line) in Fig. III.2 for proton and in Fig. III.3 for neu-
tron. The neutron distribution peak value (∼ 0.5) in lassial Skyrme model is
known to be too large when ompared with the empirial value (0.2 − 0.3). Our
results for quantum hiral angle show signiant improvement in neutron harge
density distribution, whih only weakly depends on the representation used. Note
also that measurement indiates muh faster distribution fall in the asymptoti re-
gion even when ompared with semi-empirial formula [123℄. Speed up of quantum
hiral soliton distribution fall thus is also a step in right diretion. For experimental
distributions we refer to [123℄ and referenes therein. The axial oupling gA mea-
sures the spin-isospin orrelation in the nuleon and is dened as the expetation
value of the axial urrent Aaµ in a nuleon state at zero momentum transfer [53℄.
Comparison of the Fourier transform of the axial urrent density (III.3.8) with the
usual phenomenologial expression for the axial-vetor urrent leads to the axial-
vetor oupling onstant expression
26
. From the axial urrent density (III.3.8) we
obtain the axial oupling onstant gA of the nuleon as [2℄
gA =− 3
〈
1/2
1/2, 1/2
∣∣∣∣
∫
d3xAˆ
1
0
∣∣∣∣ 1/2−1/2, 1/2
〉
=− 1
e2
g˜1(F )− π
2e2
3a˜2(F )
〈
r˜2E,I=0
〉
, (III.3.17)
25
These densities are integrated over angular variables ϕ, ϑ. The fator r2 (whih omes from
the Jaobian) is also inluded to ensure usual dimensions.
26
In the limit of vanishing pion mass, the resulting expression for gA should be multiplied
by a fator of
3
2
. There are subtle points in alulating this quantity for solutions with ∼ 1/r2
asymptoti [8℄. This fator should not be used in alulating gA in nite pion mass model [8, 35,
123℄, and thus in quantum ase either.
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Figure III.2. Proton harge density distribution. Short-dashed
line denotes lassial hiral angle distribution, with parameters
e = 5.45; fπ = 64.5 MeV from Ref. [8℄. Quantum hiral an-
gle distributions for various j values are plotted with solid lines.
Long-dashed line denotes semi-empirial harge density distribu-
tion [123℄.
where
g˜1(F ) =
4π
3
∫
dr˜
(
r˜2F ′ + r˜ sin 2F + r˜F ′2 sin 2F + 2F ′ sin2 F +
sin2F
r˜
sin 2F
)
.
(III.3.18)
All versions of the topologial soliton model lead to underpredition of gA om-
pared to the empirial value of 1.26. In the simple Skyrme model with a pion mass
term [132℄ the predited value for gA was only 0.65. By readjusting the param-
eters so as to t empirial values for fπ and πNN oupling onstant the value
is somewhat inreased (to 0.82). In the vetor-meson-stabilised model [124℄ the
values range between 0.88 and 0.99, depending on the details of the model, but
remains below unity [125℄. We shall see (see Tables of numerial results) that axial
oupling onstant gA strongly depends (always grows with inreasing dimension of
representation) on the representation employed. In self-onsistent quantum formal-
ism in higher representations (j > 1/2) gA is always above unity even for small
(∼ 0.5 MeV) parameter fπ values.
3.4. Radii. In addition to eletri mean square radius (III.3.12) the following
three mean square radii are used: eletri isovetor, isosalar magneti, isovetor
magneti. Below we give denitions for all of them following Ref. [8℄.
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Figure III.3. Neutron harge density distribution. Short-dashed
line denotes lassial hiral angle distribution, with parameters
e = 5.45; fπ = 64.5 MeV from Ref. [8℄. Quantum hiral an-
gle distributions for various j values are plotted with solid lines.
Long-dashed line denotes semi-empirial harge density distribu-
tion [123℄.
For nuleons the isovetor (eletri) harge mean square radius beomes
〈
r2E,I=1
〉
=
1
e2f2π
〈
r˜2E,I=1
〉
=
1
e2f2π
∫
dr˜r˜4 sin2F
(
1 + F ′2 + sin
2F
r˜
)
∫
dr˜r˜2 sin2F
(
1 + F ′2 + sin
2F
r˜
) . (III.3.19)
The isosalar magneti mean square radius is expressed as〈
r2M,I=0
〉
=
1
e2f2π
〈
r˜2M,I=0
〉
= − 1
e2f2π
2
π
∫
dr˜r˜4F ′ sin2F∫
dr˜r˜2F ′ sin2F
, (III.3.20)
and the isovetor magneti mean square radius takes the form〈
r2M,I=1
〉
=
1
e2f2π
〈
r˜2M,I=1
〉
=
1
e2f2π
∫
dr˜r˜4 sin2F
(
1 + F ′2 + sin
2F
r˜ +
e2 sin2F
a˜2(F )
(
3
4 − d210
))
∫
dr˜r˜2 sin2F
(
1 + F ′2 + sin
2F
r˜ +
e2 sin2F
a˜2(F )
(
3
4 − d210
)) . (III.3.21)
All these radii an be measured experimentally.
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Table III.1. The predited stati baryon observables as obtained
with the quantum Skyrme model for representations of dierent
dimension. The rst olumn (ANW) are the preditions for the
lassial Skyrme model given in Ref. [8℄. Classial hiral angle
funtion (taken from ANW olumn) has been used for evaluation
of integrals. The empirial results [127℄ are listed in the last ol-
umn.
ANW j = 1/2 j = 1 j = 3/2 j = 2 j = 5/2 Expt.
mN Input Input Input Input Input Input 939 MeV
m∆ Input Input Input Input Input Input 1232 MeV
fπ 64.5 72.1 76.4 82.2 89.4 98.0 93 MeV
e 5.45 5.23 5.15 5.03 4.89 4.74
r0 0.59 0.55 0.53 0.51 0.48 0.45 0.72 fm
µp 1.87 1.90 1.84 1.78 1.71 1.64 2.79
µn −1.31 −1.42 −1.40 −1.37 −1.35 −1.33 − 1.91
gA 0.61 0.62 0.65 0.68 0.73 0.78 1.26
µ∆++ 3.70 3.58 3.44 3.29 3.15 3.7− 7.527
µ∆+ 1.71 1.64 1.55 1.46 1.37 ?
µ∆0 −0.28 −0.31 −0.34 −0.38 −0.42 ?
µ∆− −2.27 −2.25 −2.23 −2.21 −2.20 ?
4. The stati properties of the nuleon and ∆33-resonane in lassial
hiral angle approah
The normalized state vetor with equal xed spin and isospin ℓ are to be iden-
tied with nuleons (ℓ = 12 ) and ∆33 resonanes (ℓ =
3
2 ). Before we proeed with
the self-onsistent quantum ase it is worth to examine quantum formulae with
lassial hiral angle solution (see Fig. II.2). We restrit this numerial analysis to
irreduible representations only. Clearly, numerial values for reduible represen-
tations lie in the range between minimal and maximal j values of whih reduible
representation is onstruted.
Classial hiral angle is obtained by solving the lassial equation of motion
(II.1.30) (with appropriate boundary onditions) that is given by the requirement
that the lassial mass (III.2.41) be stationary. Asymptoti behaviour when r˜ →∞
of lassial solution an be easily found from asymptoti equation
F ′′(r˜) +
2
r˜
F ′(r˜)− 2
r˜2
F (r˜) = 0. (III.4.1)
Physial solution (satisfying F (r˜ →∞) = 0) of (III.4.1) is
F (r˜ →∞) = k
r˜2
; k = onst, (III.4.2)
where k is determined by derivative ontinuity requirement and equation (II.1.30)
solution value at r˜ = 0: F (0) = π. Classial equations of motion an be solved, for
example, in the following way.
27
Reent measurements [128℄ obtain value µ∆++ = 4.52.
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Table III.2. The predited stati baryon observables for rep-
resentations of dierent dimension with xed empirial values for
the isosalar radius and the axial oupling onstant.
j = 1/2 j = 1 j = 2 j = 3 j = 4 j = 9/2 j = 7
mN 1434 1402 1300 1147 942 821 23
m∆ 1552 1520 1418 1265 1060 939 141
fπ 76.2 76.2 76.2 76.2 76.2 76.2 76.2
e 3.81 3.81 3.81 3.81 3.81 3.81 3.81
r0 Input Input Input Input Input Input Input
µp 4.18 4.15 4.07 3.96 3.80 3.70 3.08
µn −3.85 −3.83 −3.75 −3.63 −3.47 −3.38 −2.76
gA Input Input Input Input Input Input Input
µ∆++ 7.72 7.67 7.53 7.32 7.03 6.86 5.75
µ∆+ 2.90 2.89 2.84 2.77 2.67 2.61 2.24
µ∆0 −1.92 −1.90 −1.85 −1.78 −1.69 −1.63 −1.26
µ∆− −6.73 −6.69 −6.55 −6.33 −6.05 −5.88 −4.77
1. Fix a merge point r˜0 (it is assumed that asymptoti (III.4.2) gives a good
approximation to the solution at that point) and from (III.4.2) alulate
funtion F (r˜0) and its derivative F
′(r˜0) values at that point.
2. Choose arbitrary k and start standard dierential equation iteration proe-
dure until point
28 r˜ = 0 is reahed.
3. If F (0) 6= π adjust k value, realulate F (r˜0) and F ′(r˜0) values and start
dierential equation iteration proedure again until F (0) = π to the required
preision is ahieved
29
.
When lassial solution is obtained, the orresponding values for the Lagrangian
parameters an be extrated from equations (III.4.3) or (III.3.17) and (III.3.12), or
from any of two ombinations of them. As in Ref. [8℄, we determine the two
parameters in the Lagrangian (III.2.39) so that nuleon and ∆33-resonane masses
take their empirial values. The expressions for these masses are then given by
(III.2.52)
mN =
fπ
e
M˜(F ) + e3fπ∆M˜j(F ) +
3e3fπ
2 · 4a˜(F ) , (III.4.3a)
m∆ =
fπ
e
M˜(F ) + e3fπ∆M˜j(F ) +
15e3fπ
2 · 4a˜(F ) . (III.4.3b)
In the evaluation of these two masses numerially we employ the lassial hiral
angle F (r), the shape of whih is shown in Fig. II.2.
In Table III.1 we inlude the predited values for stati nuleon properties [2℄,
as well as the original preditions obtained in Ref. [8℄ for the lassial Skyrme model.
28
Atually at r˜ = 0 equation (II.1.30) beomes indenite due to spherial oordinate system
singularity at the origin. But we an solve the equation until some small value ǫ. The funtion
value at r˜ = 0 then an be alulated using Taylor-series expansion near the r˜ = ǫ point. From
pratial point of view it is onvenient to solve a system of two rst-order dierential equations
instead of one of the seond order.
29
There are, of ourse, muh more eient algorithms for boundary value problems, for
example, free and well known olloation software pakage [126℄ (FORTRAN).
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For larger values of j the quantum orretions beome inreasingly important. The
key qualitative feature is that the quantum mass orretion ∆Mj(F ) is negative,
with a magnitude that grows with the dimension of the representation. Therefore it
beomes possible to reprodue the empirial nuleon and∆33-resonane mass values
with inreasingly realisti values of the pion deay onstant fπ as the dimension
inreases. This reahes its empirial value for a representation j = 5/2 of dimension
6. There is an aompanying  if less signiant  improvement of the numerial
value for the axial oupling onstant gA.
In the ase of the isosalar radius r0 (Tables III.1 and III.2) of the baryon,
there is, however, no redution of the dierene between the predited and the
empirial value with inreasing dimension of the representation. The same is true
for the magneti moments. The predited value for the ratio of the proton and
neutron magneti moments atually deteriorates slowly with inreasing dimension
of the representation. In Table III.2 we show the representation dependene of
the observables for the ase where the parameters are determined by mathing
the empirial values of isosalar radius rE,I=0 and the axial oupling onstant gA.
Beause the expressions (III.3.17) and (III.3.12) are independent of the dimension
of the representation, parameters fπ and e remain onstant. The best agreement
with the empirial values of the stati properties of baryons in this ase are obtained
with the representation j = 4.
We see that when the Skyrme model is treated onsistently quantum mehan-
ially ab initio the dimension of the representation beomes a signiant addi-
tional model parameter [1, 3℄. By hoosing two parameters of the model so as
to math the empirial nuleon and ∆33-resonane masses it beomes possible to
obtain a value for the pion deay onstant, whih is very lose to the empirial
value (89.4 MeV vs. 93 MeV). There was, however, no omparable gain in quality
of the preditions for the baryon magneti moments, whih deteriorated slowly with
inreasing dimension of the representation. The value of axial oupling onstant
does on the other hand improve with inreasing dimension, but stay below unity
for representations of reasonably low dimension.
When parameters of the model are hosen to math isosalar radius and axial
oupling onstant, the parameters fπ and e are onstants and nuleon and ∆33-
resonane observables depend only on the dimension of the representation. In on-
trast to the rst math, the magneti moments improved with inreasing dimension
of the representation. Note that the treatment used here for the quantum skyrmion
breaks down when the dimension of the representation grows so large that the neg-
ative quantum mass orretion ∆Mj beomes of the same order of magnitude as
or larger than the lassial skyrmion mass. As shown in Table III.2 the numerial
value of the quantum mass orretion ∆Mj(F ) (III.2.42) is of the order of 55 MeV
in the fundamental representation, but it rapidly inreases in magnitude as the
dimension of the representation grows. For a representation of dimension 9 (j = 4)
it is large enough to anel the ∼ 500 MeV overpredition of the nuleon mass that
is obtained when the empirial value for the pion deay onstant is employed in the
lassial Skyrme model. For j = 15/2 the quantum mass orretion exeeds the
skyrmion mass and baryon masses beome negative. After these omments we skip
diretly to quantum self-onsistent treatment.
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5. Self-onsistent quantum formalism
Minimization of the expression for the lassial mass M(F ) (III.2.41) leads
to the onventional dierential equation for the hiral angle (II.1.30) aording to
whih F (r˜) falls as 1/r˜2 at large distanes. The behaviour is typial for long-
range interation and, therefore, implies zero pion mass. This is inonsistent with
strong interation properties, whih is known to be short-range and aording to
Yukawa [129℄ imply
pi(r →∞) = − int. onst
r
e−m˜r; m˜ =
mc
~
, (III.5.1)
pion eld pi(r) fall and, therefore, nite pion mass. T.H.R. Skyrme in his 1962
work [6℄ wrote "These mesons have zero mass, ultimately on aount of the full ro-
tational symmetry of the Lagrangian (II.1.6). This symmetry is, however, destroyed
by the boundary ondition U(∞) = 1, and we believe that the mass may arise as
a self onsistent quantal eet." Thus, T.H.R. Skyrme noted that hiral group
SU(2)L ⊗ SU(2)R is spontaneously broken by hoosing vauum state U(∞) = 1
to the subgroup diag
(
SU(2)L ⊗ SU(2)R
) ∼ SU(2)I . Aording to the reent point
of view just the spontaneous breakdown of hiral symmetry implies massless pions.
In other words, pion is massless provided that the axial urrent is perfetly on-
served. Beause a pion is massive, we expet that axial symmetry should be an
approximate symmetry and that the axial urrent should be only approximately
(partially) onserved.
In the semilassial approah the quantum mass term ∆MΣj is absent from
the mass expression (III.2.52). The absene of negative ∆MΣj orretion has the
onsequene that variation of the trunated quantum mass expression yields no
stable solution [34, 130℄. The semilassial approah desribes the skyrmion as
a rotating rigid body with xed F (r) [8℄. In ontrast the variation of the full
energy expression (III.2.52) that is obtained in the onsistent anonial quantization
proedure [48℄ in olletive oordinates approah gives stable solutions.
Minimization of the quantum mass expression (III.2.52) leads to the following
integro-dierential equation for the hiral angle F (r˜) in the dimensionless variable
r˜:
F ′′
(
−2r˜2 − 4 sin2F + e
4r˜2 sin2F
15a˜2
(
80a˜∆M˜Σj + 20ℓ(ℓ+ 1) + 4d1 − 8d2 sin2F
))
+F ′2
(
−2 sin2F + e
4r˜2 sin 2F
15a˜2
(
40a˜∆M˜Σj + 10ℓ(ℓ+ 1) + 2d1 − 8d2 sin2F
))
+F ′
(
−4r˜ + e
4r˜ sin2F
15a˜2
(
160a˜∆M˜Σj + 40ℓ(ℓ+ 1) + 8d1 − 16d2 sin2F
))
+sin 2F
(
2 + 2
sin2F
r˜2
− e
4
15a˜2
((
40a˜∆M˜Σj + 10ℓ(ℓ+ 1)
)(
r˜2 + 2 sin2F
)
+ 15r˜2
+ 4d3 sin
2F + 8d2r˜
2 sin2F
))
= 0,
(III.5.2)
with the usual boundary onditions F (0) = π and F (∞) = 0. The state dependene
of this equation is a diret onsequene of the fat that quantization preeded
variation (f. Ref. [131℄). Contrary to the lassial equation (II.1.30) quantum
hiral angle equation (III.5.2) depends on the parameter e. This, however, is not
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an unusual result: quantization of breathing modes [36, 37℄ also leads to parameter
e dependent equations.
At large distanes this equation redues to the asymptoti form
r˜2F ′′ + 2r˜F ′ − (2 + m˜2π r˜2)F = 0, (III.5.3)
where the quantity m˜2π is dened as
m˜2π = −
e4
3a˜(F )
(
8∆M˜Σj(F ) +
2ℓ(ℓ+ 1) + 3
a˜(F )
)
, (III.5.4)
and the orresponding asymptoti solution takes the form
F (r˜) = k
(m˜π
r˜
+
1
r˜2
)
e−m˜pi r˜; k = onst. (III.5.5)
The requirement of stability of the quantum skyrmion is that the integrals (III.2.8),
(III.2.41) and (III.2.42) onverge. This requirement is satised only if m˜2π > 0. For
that the presene of the negative quantum orretion ∆MΣj (F ) is neessary. The
absene of this term leads to the instability of the skyrmion in the semilassial
approah [34℄. Note that in the quantum treatment the hiral angle possesses [48℄
the asymptoti Yukawa behaviour (III.5.5). The positive quantity mπ = efπm˜π,
therefore, an be interpreted as an eetive mass for the pion eld.
It is known that in lassial Skyrme model 3-divergene of axial urrent density
omponent A a(x) gives the dierential equation (II.1.30) for hiral angle [35℄.
"Therefore, in this hiral-symmetri theory the onservation of axial-vetor urrent
is, in fat, the equation of motion, i.e. the Euler-Lagrange equation for the rotated
pion eld πi" [131℄. Let's assume that in quantum theory axial symmetry is broken
and the matrix element of the divergene of axial urrent is proportional to pion
mass (PCAC relation
30
)〈
ℓ
mi,ms
∣∣∣∣∇bAˆ ab
∣∣∣∣ ℓmi,ms
〉
= f2πm
2
πF (r). (III.5.6)
As a onsequene we get the same asymptoti equation (III.5.3), when r → ∞.
This result supports the interpretation of mπ as the eetive pion mass.
Note also that the nite pion mass in the Skyrme model is usually introdued
by adding an expliit term [36, 48, 132℄
Lmpi =
1
4
m2π(exp)f
2
π Tr{U+U† − 2}, (III.5.7)
in the Lagrangian density (II.1.6), and, therefore, the Lagrangian (II.1.6) hiral
symmetry beomes expliitly broken even in lassial limit.
Positivity of the pion mass (III.5.4) an obviously only be ahieved for states
with suiently small values of spin ℓ. This implies that the spetrum of states with
equal spin and isospin will neessarily terminate at some nite value of the spin
quantum number ℓ. The termination point depends on parameters e and j values.
When spin ℓ value inreases, the upper e value for whih stable soliton solution
exist always dereases (for the same representation j). As the negative quantum
mass orretion ∆MΣj in the expression (III.2.42) grows in magnitude with the
30
To make expliit omparison with (III.3.3) just aount that F (r)x¯a = fpiπa (see (II.1.5)).
Generally the omparison of (III.3.3) and (III.5.6) is ompliated by the fat that in (III.5.6) axial
vetor urrent is sandwihed between two hadroni states. We will not onsider this question here,
but refer to [8, 35℄ and referenes therein.
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dimension of the representation, it is always possible to nd a representation in
whih the nuleon and the ∆33-resonane are the only stable partiles, as required
by experiment.
Integro-dierential equation (III.5.2) an be attaked in the following way.
1. Using hiral lassial angle Fig. II.2 and any pair of empirial baryon observ-
ables, for example, nuleon mass (III.4.3a) and isosalar radius (III.3.12) we
t two model parameters fπ and e and alulate all required integrals in the
quantum equation (III.5.2), namely, (III.2.41), (III.2.8), (III.2.42), (III.5.4).
2. Using known asymptoti solution (III.5.5) (and its derivative) one an adopt
simple dierential equation solution proedure desribed in Se. 4 and nd
the rst quantum solution F1(r˜) and the onstant k1.
3. This quantum solution F1(r˜) now an be subsequently used to realulate
fπ, e and integrals (III.2.41), (III.2.8), (III.2.42), (III.5.4). Then again pro-
edure desribed in item 2 an be used to get the solution F2(r˜) and onstant
k2.
4. This proedure an be iterated until onvergent solution and parameters
fπ, e as well as stable values of M(F ),∆MΣj (F ), a(F ),mπ(F ) are obtained.
The self-onsistent set then an be used to alulate numerous phenomeno-
logially interesting quantities.
Quantum hiral angle solutions with model parameters determined from nuleon
mass (III.4.3a) and isosalar radius (III.3.12) are shown in Fig. III.4. If one sueeds
in initial guess
31
, then it usually takes only 1015 iterations to get 56 xed digits
in all integrals and fπ, e values. For nuleon solutions with spin ℓ = 1/2 exist (in
the fundamental representation j = 1/2) when 0 ≤ e < 7.5. The largest value of
e for whih stable solutions are obtained dereases with inreasing dimensionality
of the representation, and there are no restritions to the existene of solution
from representation j employed. This an be seen from equation (III.5.2) itself.
Indeed, the formal substitution e → 0 into (III.5.2) yields the lassial equation
(II.1.30), whih does have a solution
32
. For illustration (see Fig. III.5) we also
provide nuleon mass densities (Hamiltonian densities (III.2.52)) for quantum hiral
angles in Fig. III.4 and detailed ontributions of lassial soliton masses, rotation
energies and quantum mass orretions for two of them (j = 12 and j =
5
2 ) in
Fig. III.6
A remark is given to the σ model without the Skyrme term (this orresponds
to the limit e → ∞ in (II.1.6)). Although the quantum orretion ∆MΣj plays a
role in stabilization of soliton, one annot obtain "quantum" rotating hiral soli-
ton without the Skyrme term as stabilizer [133℄. Applying higher representations
also annot help in obtaining this stability [134℄. This is onsistent with Derrik
theorem [57℄. For ∆33-resonanes (ℓ = 3/2) there are no stable solutions in the
fundamental (j = 1/2) representation, nor in the representation j = 1. In the rep-
resentations j = 3/2 and j = 2 there are only stable soliton solutions for baryons
with spin ℓ = 1/2 and ℓ = 3/2. A dimension with j = 5/2 allows solitons with
ℓ = 1/2, 3/2 and 5/2, and, therefore, appears to be empirially ontraindiated.
The numerial results for nuleons with xed empirial values for isosalar radius
and mass are shown in Table A.2 in Appendix A. For the irreduible representa-
tion j = 1 the proton magneti moment alulated in this way is within 10% of
31
Solution of lassial equation (II.1.30) exist or not for all e, fpi values. This is not the ase
for integro-dierential equation (III.5.2).
32
Note that e → 0 does not lead to any meaningful limit due to dimensionless variable
r˜ = efpir being used. This, however, does not aet the solution existene argument for arbitrary
small e, beause only formal similarity of equations is important.
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Classical  chiral  angle
Quantum  chiral  angles
r, fm
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Figure III.4. Quantum hiral angle solution family for nuleon
(ℓ = 12 ) in representations j =
1
2 , 1⊕ 12 ⊕ 12 , 1, 32 , 52 and the lassial
hiral angle solution as taken from Ref. [8℄.
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H
(r)
,  f
m-
2 j =  5/2
j =  1/2
r,  fm
Figure III.5. Family of nuleon mass densities in representations
j = 12 , 1 ⊕ 12 ⊕ 12 , 1, 32 , 52 (model parameters being alulated from
empirial nuleon mass (III.4.3a) and isosalar radius (III.3.12)).
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Figure III.6. Detailed ontributions of lassial soliton masses,
rotation energies and quantum mass orretions for nuleon in rep-
resentations j = 12 and j =
5
2 (model parameters being alulated
from empirial nuleon mass (III.4.3a) and isosalar radius
(III.3.12)).
the empirial value. The alulated values of both the neutron magneti moment
and the axial oupling onstant agree with the orresponding empirial values to
within 1%. Numerial results for xed isosalar radius and axial oupling onstant
are represented in Table A.3 (Appendix A). For representation j = 1 nuleon mass
and proton magneti moment agree with experimental values within 10%, neutron
magneti moment within 2%. In Table A.1 and Table A.4 we represent numerial
results obtained by xing mπ = 138MeV and nuleon mass (Table A.1) or isosalar
radius (Table A.4). In these approahes agreement with experimental data is worse.
We note, however, that pion eld mass used here (138 MeV) approximately equals
to partiles π0, π−, π+ mass. The eetive strong interation eld fall an be in-
diretly estimated
33
from experiments. These measurements orrespond to about
150 MeV eetive boson mass, when extrated from Yukawa formula (III.5.1).
For parameters e, fπ xed from nuleon data, empirial values for∆33-resonane
observables for dierent representations an be obtained. Results for e = 4.15, fπ =
58.5 MeV (determined by t to nuleon mN = 939 MeV and 〈r2E,I=0〉1/2 = 0.72 fm
and representation j = 1) are demonstrated in Table B.1 in Appendix B. Re-
sults for the same t of experimental quantities, but in dierent representations
are shown in Table B.2 (j = 12 ) and Table B.3 (j = 1 ⊕ 12 ⊕ 12 ). Tables B.6, B.7,
B.8 represent numerial results with xed values for e and fπ, whih are alulated
from nuleon observables gA and 〈r2E,I=0〉1/2 in representations j = 12 ; j = 1 and
j = 1⊕ 12 ⊕ 12 , respetively. Tables B.4 and B.5 show similar results for xed e, fπ
33
Private ommuniations of E. Norvai²as and D.O. Riska.
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values, extrated from nuleon observables mπ and 〈r2E,I=0〉1/2 in representations
j = 1 (Table B.4) and j = 1⊕ 12 ⊕ 12 (Table B.5).
It is also worth to mention the numerial results for reduible representations
1⊗ 12 ⊗ 12 for nuleon and 32 ⊗1⊗ 12 for ∆33-resonane. The representation 32 ⊗1⊗ 12
is the rst one for whih the stable soliton solution is obtained for ℓ = 3/2 state.
The numerial results in these reduible representations are omparable  if not
better  to those of representations j = 1 (for ℓ = 1/2) and j = 3/2 (for ℓ = 3/2),
respetively. Noting that the SU(3) isomultiplets  otet (1, 1) and deuplet (2, 0)
 (to whih nuleon and ∆33-resonane belong, respetively) split, when restrited
to SU(2) subgroup, into 1⊗ 12⊗ 12⊗0 and 32⊗1⊗ 12 ⊗0, respetively34, the following
explanation is not improbable: it just an indiate that SU(2) Skyrme model in
some way (via representations employed) reveals relevant SU(3) symmetry of strong
interations. If this is indeed the ase, then in SU(3) Skyrme model using higher
representations ((1, 1) and (2, 0)) one an hope to desribe the entire isomultiplets
of baryons more suessfully. Investigation of SU(3) Skyrme model is required to
onrm or rejet these onsiderations.
6. Remarks on persisting problems
Despite quite suessful generalization of quantum Skyrme model to general
representation of SU(2) group a few problems still persist. First of all we see rather
big gap between alulated (fπ ∼ 60 MeV, e ∼ 4) and extrated from experiment
(fπ = 93 MeV, e ∼ 7.4) numerial values of model parameters. The problem is
inherited from semilassial alulations [8℄. The dierene, however, beomes in-
reasingly important, beause all other measurable quantities t to their experimen-
tal values muh better (∼ 10%, see Appendix A). Thus the question again arises to
what extent do these errors of the Skyrme model reet use of the approximation,
and to what extent do they reet the fat that the Skyrme model is rude approx-
imation to meson physis. The question has been onsidered by E. Witten [9℄, who
suspeted that in the ase of semilassial approximation "the error mainly has the
latter origin. . . If the proper meson theory were known, the semilassial approx-
imation would be equivalent to the 1/Nc expansion, and I personally suspet the
error would be muh less than 30%". Our alulations, if we exlude fπ, e values,
whih an be onsidered just as model parameters without referring to its physial
ontent, are in muh better agreement with experimental data. However, it should
be noted that we obtain these values due to an additional impliit disrete param-
eter  the group representation. The quantization proedure also diers from the
semilassial approah [8℄ onsidered by E. Witten [9℄. A problem is also present
with the interpretation of representation dependene itself. Despite the quantiza-
tion method used here is free of ambiguity and is in agreement with priniples of
modern quantization of onstrained systems, it undoubtedly shows representation
dependene of measurable quantities
35
. Thus physial interpretation is welome
and we hope that quantum investigation of SU(3) Skyrme model an enlighten this
problem
36
.
34
Representation j = 0 does not inuene the results. Indeed, j = 0 representation of SU(2)
is trivial and, thus, the Lagrangian (II.1.6) is idential zero: L ≡ 0.
35
The problem we suspet is not the problem of the Skyrme model only but rather of the
quantization proedure itself. As a onsequene, we expet representation dependene in other
models dened on group manifold.
36
We hope that the situation is somehow similar to that ofW. Heisenberg and M. Gell-Mann
about assumptions of symmetry of strong interation, briey mentioned in the Prefae.
Conluding statements
The following statements represent the main results of the work in the order of
dereasing importane.
• Eah of SU(2) representation j yields the dierent quantum Lagrangian
density. As a onsequene, theoretial observables depend on representation
j whih an be treated as a new phenomenologial parameter.
• Quantum hiral solitons exist and possess asymptoti behaviour onsistent
with the massive Yukawa eld fall (III.5.1). The asymptoti shape and
PCAC relation leads to the orret asymptoti equation (III.5.3) oiniding
with ontribution of expliitly broken term (III.5.7). This enourages us to
suggest that the integral mπ should be interpreted as an eetive pion mass.
• A nuleon and ∆33-resonane are the only stable states for irreduible rep-
resentations j = 32 and j = 2. Unphysial tower of states ℓspin = ℓisospin,
whih is artifat of the lassial and semilassial Skyrme model is, therefore,
terminated by hoosing the appropriate SU(2) representations.
• Higher spin (ℓ > 1/2) quantum states are not "spherially symmetri". The
Hamiltonian (III.2.53) (Lagrangian (III.2.40)) density funtion depends on
the polar angle ϑ. Nuleon states are "spherially symmetri" in various
representations of j, as required.
• Eah of the spin-isospin state yields the dierent range of realizable values
of the parameter e. A stable quantum self-onsistent solution exist:
 for spin ℓ = 12 states in all SU(2) representations,
 for ℓ = 32 spin states starting at least from reduible representation
3
2
⊕1⊕ 1
2
.
• A very good agreement with experimental data is obtained for axial oupling
onstant gA in higher representations of SU(2), the problem being previously
unsolved by using various extensions of the model in the fundamental rep-
resentation of SU(2).
• The basi quantum Skyrme model provides onsiderable improvements in
nuleon magneti momenta and, espeially, in neutron harge density distri-
bution.
The text of PhD thesis an be found at the Website of Institute of Theoretial
Physis and Astronomy
http://www.itpa.lt/baryon
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APPENDIX A
Nuleon observables in dierent representations
.
Table A.1. The predited stati baryon observables for dierent
representations with xed empirial values for the eetive pion
mass mπ = 138 MeV and nuleon mass 939 MeV.
j 1/2 1 3/2 1⊕ 1
2
⊕ 1
2
Expt.
mN Input Input Input Input 939 MeV
fπ 68.4 54.9 49.6 57.2 93 MeV
e 4.97 3.96 3.52 4.15
µp 1.63 3.20 4.44 2.80 2.79
µn −1.06 −2.61 −3.85 −2.21 −1.91
gA 0.89 1.43 1.77 1.30 1.26
mπ Input Input Input Input 138 MeV√
〈r2E,I=0〉 0.54 0.83 1.00 0.77 0.72 fm
Table A.2. The predited stati nuleon observables in dierent
representations with xed empirial values for the isosalar radius
〈r2E,I=0〉1/2 = 0.72 fm and nuleon mass 939 MeV.
j 1/2 1 3/2 5/2 1⊕ 1
2
⊕ 1
2
Expt.
mN Input Input Input Input Input 939 MeV
fπ 59.8 58.5 57.7 56.6 58.8 93 MeV
e 4.46 4.15 3.86 3.41 4.24
µp 2.60 2.52 2.51 2.52 2.53 2.79
µn −2.01 −1.93 −1.97 −2.05 −1.93 −1.91
gA 1.20 1.25 1.33 1.52 1.23 1.26
mπ 79.5 180. 248. 336. 155. 138 MeV√
〈r2E,I=0〉 Input Input Input Input Input 0.72 fm√
〈r2E,I=1〉 1.33 1.03 0.97 0.93 1.07 0.88 fm√
〈r2M,I=0〉 1.05 1.01 1.00 1.00 1.01 0.81 fm√
〈r2M,I=1〉 1.32 1.03 0.97 0.93 1.07 0.80 fm
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Table A.3. The predited stati baryon observables for dierent
representations with xed empirial values for the isosalar radius
〈r2E,I=0〉1/2 = 0.72 fm and axial oupling onstant gA = 1.26 .
j 1/2 1 3/2 5/2 1⊕ 1
2
⊕ 1
2
Expt.
mN 986. 948. 882. 694. 963. 939 MeV
fπ 61.4 58.9 55.7 48.1 59.7 93 MeV
e 4.37 4.13 3.92 3.56 4.20
µp 2.70 2.53 2.42 2.05 2.57 2.79
µn −2.14 −1.95 −1.84 −1.51 −1.99 −1.91
gA Input Input Input Input Input 1.26
mπ 75.8 179. 259. 386. 152. 138 MeV√
〈r2E,I=0〉 Input Input Input Input Input 0.72 fm√
〈r2E,I=1〉 1.36 1.03 0.96 0.92 1.08 0.88 fm√
〈r2M,I=0〉 1.05 1.01 1.00 1.01 1.01 0.81 fm√
〈r2M,I=1〉 1.35 1.03 0.96 0.92 1.08 0.80 fm
Table A.4. The predited stati baryon observables for dierent
representations with xed empirial values for the isosalar radius
〈r2E,I=0〉1/2 = 0.72 fm and eetive pion mass mπ = 138 MeV.
j 1/2 1 3/2 5/2 1⊕ 1
2
⊕ 1
2
Expt.
mN 486. 1264. 1872. 2992. 1069. 939 MeV
fπ 41.7 68.8 84.0 106.3 63.1 93 MeV
e 5.56 3.76 3.12 2.48 4.05
µp 1.93 3.13 4.35 6.72 2.77 2.79
µn −0.86 −2.68 −4.04 −6.52 −2.24 −1.91
gA 0.60 1.65 2.46 3.94 1.39 1.26
mπ Input Input Input Input Input 138 MeV√
〈r2E,I=0〉 Input Input Input Input Input 0.72 fm√
〈r2E,I=1〉 1.07 1.12 1.12 1.12 1.11 0.88 fm√
〈r2M,I=0〉 1.01 1.02 1.02 1.02 1.02 0.81 fm√
〈r2M,I=1〉 1.05 1.12 1.12 1.13 1.11 0.80 fm
APPENDIX B
∆33-resonane observables in dierent
representations
Table B.1. The predited stati∆33-resonane observables in dif-
ferent representations with xed values for the parameters e = 4.15
and fπ = 58.5 MeV (from nuleon observables mN = 939 MeV,
〈r2E,I=0〉1/2 = 0.72 fm, representation j = 1 in Table A.2).
j 3
2
⊕1⊕ 1
2
3
2
2 Expt.
m∆ 1055. 1029. 910. 1232 MeV
µ∆++ 7.38 6.40 4.20 3.7− 7.5
µ∆+ 3.02 2.73 2.01 ?
µ∆0 −1.33 −0.94 −0.19 ?
µ∆− −5.69 −4.61 −2.38 ?√
〈r2E,I=0〉 0.91 0.87 0.72 ?
Table B.2. The predited stati ∆33-resonane observables for
dierent representations with xed empirial values for the e =
4.46 and fπ = 59.8MeV (from nuleon observablesmN = 939MeV,
〈r2E,I=0〉1/2 = 0.72 fm, representation j = 12 in Table A.2).
j 3
2
⊕1⊕ 1
2
3
2
2 Expt.
m∆ 1008. 974. 809. 1232 MeV
µ∆++ 6.05 5.15 3.00 3.7− 7.5
µ∆+ 2.63 2.36 1.63 ?
µ∆0 −0.80 −0.43 0.25 ?
µ∆− −4.23 −3.22 −1.12 ?
mπ 104. 172. 438. 138 MeV√
〈r2E,I=0〉 0.84 0.79 0.62 ?
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Table B.3. The predited stati ∆33-resonane observables for
dierent representations with xed empirial values for the e =
4.24 and fπ = 58.8MeV (from nuleon observablesmN = 939MeV,
〈r2E,I=0〉1/2 = 0.72 fm, representation j = 1⊕ 12 ⊕ 12 in Table A.2).
j 3
2
⊕1⊕ 1
2
3
2
2 Expt.
m∆ 1040. 1012. 881. 1232 MeV
µ∆++ 6.96 6.00 3.82 3.7− 7.5
µ∆+ 2.90 2.61 1.89 ?
µ∆0 −1.16 −0.78 −0.05 ?
µ∆− −5.23 −4.17 −1.98 ?
mπ 85.5 141. 338. 138 MeV√
〈r2E,I=0〉 0.89 0.85 0.69 ?
Table B.4. The predited stati ∆33-resonane observables for
dierent representations with xed empirial values for the e =
3.76 and fπ = 68.8MeV (from nuleon observablesmπ = 138MeV,
〈r2E,I=0〉1/2 = 0.72 fm, representation j = 1 in Table A.4).
j 3
2
⊕1⊕ 1
2
3
2
2 Expt.
m∆ 1360. 1338. 1245. 1232 MeV
µ∆++ 8.14 7.24 5.28 3.7− 7.5
µ∆+ 3.14 2.86 2.23 ?
µ∆0 −1.87 −1.52 −0.83 ?
µ∆− −6.87 −5.89 −3.88 ?
mπ 65.3 106.5 234. 138 MeV√
〈r2E,I=0〉 0.84 0.81 0.72 ?
Table B.5. The predited stati ∆33-resonane observables for
dierent representations with xed empirial values for the e =
4.05 and fπ = 63.1MeV (from nuleon observablesmπ = 138MeV,
〈r2E,I=0〉1/2 = 0.72 fm, representation j = 1⊕ 12 ⊕ 12 in Table A.4).
j 3
2
⊕1⊕ 1
2
3
2
2 Expt.
m∆ 1162. 1137. 1020. 1232 MeV
µ∆++ 7.25 6.32 4.27 3.7− 7.5
µ∆+ 2.92 2.65 1.97 ?
µ∆0 −1.40 −1.03 −0.32 ?
µ∆− −5.72 −4.71 −2.62 ?
mπ 78.5 129. 297. 138 MeV√
〈r2E,I=0〉 0.86 0.82 0.70 ?
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Table B.6. The predited stati ∆33-resonane observables for
dierent representations with xed empirial values for the e =
4.37 and fπ = 61.4 MeV (from nuleon observables gA = 1.26,
〈r2E,I=0〉1/2 = 0.72 fm, representation j = 12 in Table A.3).
j 3
2
⊕1⊕ 1
2
3
2
2 Expt.
m∆ 1053. 1021. 865. 1232 MeV
µ∆++ 6.18 5.28 3.19 3.7− 7.5
µ∆+ 2.64 2.37 1.67 ?
µ∆0 −0.90 −0.54 0.14 ?
µ∆− −4.44 −3.45 −1.39 ?
mπ 99.7 165. 409. 138 MeV√
〈r2E,I=0〉 0.83 0.79 0.62 ?
Table B.7. The predited stati ∆33-resonane observables for
dierent representations with xed empirial values for the e =
4.13 and fπ = 58.9 MeV (from nuleon observables gA = 1.26,
〈r2E,I=0〉1/2 = 0.72 fm, representation j = 1 in Table A.3).
j 3
2
⊕1⊕ 1
2
3
2
2 Expt.
m∆ 1064. 1038. 920. 1232 MeV
µ∆++ 7.40 6.42 4.23 3.7− 7.5
µ∆+ 3.03 2.73 2.01 ?
µ∆0 −1.35 −0.96 −0.21 ?
µ∆− −5.72 −4.65 −2.43 ?
mπ 78.4 129. 302. 138 MeV√
〈r2E,I=0〉 0.91 0.87 0.72 ?
Table B.8. The predited stati ∆33-resonane observables for
dierent representations with xed empirial values for the e =
4.20 and fπ = 59.7 MeV (from nuleon observables gA = 1.26,
〈r2E,I=0〉1/2 = 0.72 fm, representation j = 1⊕ 12 ⊕ 12 in Table A.3).
j 3
2
⊕1⊕ 1
2
3
2
2 Expt.
m∆ 1062. 1035. 907. 1232 MeV
µ∆++ 7.01 6.06 3.90 3.7− 7.5
µ∆+ 2.90 2.61 1.90 ?
µ∆0 −1.21 −0.83 −0.10 ?
µ∆− −5.32 −4.27 −2.10 ?
mπ 84.2 139. 330. 138 MeV√
〈r2E,I=0〉 0.88 0.84 0.69 ?
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APPENDIX C
Baryon densities for B > 1 ongurations
a b c
d e f
g h
i j k
Figure C.1. Surfaes of onstant baryon density for the following
Skyrme elds [23℄: a) B = 2 torus b) B = 3 tetrahedron ) B = 4
ube d) B = 5 with D2d symmetry e) B = 6 with D4d symmetry f)
B = 7 dodeahedron g) B = 8 with D6d symmetry h) B = 9 with
tetrahedral symmetry i) B = 17 bukyball j) B = 5 otahedron k)
B = 11 iosahedron.
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Colophon
The manusript was prepared in L
A
T
E
X2ε, a standard markup format, written
by Leslie Lamport in T
E
X typesetting language, reated by Donald E. Knuth. The
text is typeset in Computer Modern Roman font, ombined with Computer Modern
Bold Extended Roman and Computer Modern Itali. Mathematial formulas were
typeset using symbols and maros provided by amsmath pakage for AMS-LATEX,
distributed by Amerian Mathematial Soiety (AMS). Additional mathematial
font shapes for Calligraphi, Doublestroke and Gotish fonts are provided by the
pakages alrsfs (AMS), dsfont (Olaf Kummer) and goth (Yannis Haralambour)
respetively. Computer Modern font family was designed for use with T
E
X by
D.E. Knuth.
Feynman diagrams (Fig. I.6 and Fig. I.7) were drawn using FEYNMAN pakage
by M.J.S. Levine. Other graphis in this manusript were drawn in PostSript
graphi programming language of Adobe Systems In. and inluded in the T
E
X out-
put using standard L
A
T
E
X2ε `Graphis Bundle' pakage designed by David Carlisle
Sebastian Rahtz. The output was onverted to PostSript for printing using
DviPS driver program by Tomas Rokiki.
79
